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coordinates of the terminal point of Vector A.'the 


vectors Aji Aol and Agk are called the rectanrcu Aso 


I-VECTOR ANALYSIS 


1-1 Components of a Vector: 


Any vector A in 5 dimensions can be represented 


with initial voint at the origin O of a rectansular 


coordinate system. let (Ay Az 43) be the rectangular 


; | cs 
component vectors of A in the x,y and 2 directions,resvectivelys 


ἃς ΔῊ are the three unit vectors in these directions. 


She sum or resultant of A,i,A5Jj and Ask ic the vector 3,50 
thet we can write 
Bashy be As τῆς εἰ τῳ Tat? 
The marnitude of A is 
AalAleV Ais Ax? «αὐ vee (162) 
In particular,the position vector,or radius vector,r from 0 


to the voint (x,y,2) is written 


Ysxtr Yu the eco(le>d) 
and has magnitude ee 
γ τ) Σ]) «ν' ™ + y? + 2? ove(1.4) 


1.2 Scalar Product: 

The dot (or scalar) product of two vectors A and 3, 
denoted by AsB (A dot B) is defined as the oroauct of 
the magnitudes of A and B and the cosine of the angle 


ἐπ 3“ 


between them.In symbols | ὃ 
᾿Α.θε: ABCHO, o<O 87 | vont eS) 


> “evan ba ee eae = @ 


- 
Tee ae 


Note that AB is ‘a. scalar and not a vectot. δ ς 
BXede y Prove fie (BC) = AeB + AC : ' B+ 


| 
Τοῦ δι be a unit vector in the direction of A, 


then ; 
projection of (B+¢) on Asprojection of Ὁ on A 
| “Teacibionkaeccn μὰ δ᾽ ConA 
or (5. 6). a = G.&+C. 


A A 
iultiplying by A, (B+ ο), 48 = B-AS+L- AG 


(B+0).A = 8-8+ 8-8 


Lee. 
when by tite commutative law the result follows. 
ute teat Prove that for any vector Δ, 
= AC cos i+ cos & j+cos ¥ k) 
where &A,%,y are the angles which A makes with x,y,2 respectively. 
Show that the angle between two vectors is given by 
9 = cos” (1, 1,+m,m,+n,n5) 


where 1,,m,,t, and 1,,m,,%, are their direction cosines. 


We have = Aa mitAed+Ark 
one Bit Arle As dt Asky-g » Ar 


vor 
A- ὁ = Ax YA k=AS 


Let εν ὦ Je Ba,k a roa 


Then Cos O=(B-C)/Bc = 68, χρυ κτλ, 


a 


1.23 Vector Product: | 

The cross (or vector) product of A and 5 is the vector 
C = AAB (A cross 8) The magnitude of AaB is defined as the 
product of the magnitudes of A and B and the sine of the angie 
between them.The direction of the vector A cB 2.5 perpendicular 
‘to the plane of ἃ and B,and such ‘ 2t A,B form a right-handed 
systen.In symbols TERS | 

AaGs ABSnOBn , 60ST ...(1.6). 

where n is a unit vector ‘S$ndicating the direction of AaB. 

Jan 8] - the area of a parallelogram with sides A and 5. 
τς AsAjieArdt Ask %B2B Lt δ εθ, 
ae en 


=}A, ΑΗ A 

Sate ee C.D 

ὥ, 8. Bs } | 

Tf AaB =0,and A δ are not null vectors,then A δ are parallel. 


then 


Dxe1.e4:Prove that 
AA (B+ C)= AAB + Aad 


A,B,C are non-coplanar. 


re ὩΣ Pe 


in the general case,where 
Resolve B into two component yectors,one perpendicular to i 
and the other parallel to A,and denote them by By & By respectively. 
Then Ba B+ Gy 
Tf @ is the angle between A & B,then IB,}=B sin @.Thus the 
magnitude of A a By is AB sin @,the same as the magnitude of AnBe 


Hence Σ An Bs in Aa 


ΞΕ 


Sintlarly,for C we get AaCr 2 Aanc 


Also since Q+¢c 281+ θ,τ λας; 


it follows that Aa(Br4+ 91) = AaCB+S) 
ἴον By & Cyare vectors perpendicular to A and so 
Ar BreAad = Aalk+@) 
ExXele4:Find the area of the triangle with vertices p(2,3,5), 
a(4,2,=-1) and r(3,6,4). : 
pa = δὲ -j -6k and ὩΣ αἰ i 3j -k 
nrea of triangle = | pe | 728 a t Ἴ : 
5 Qa pr ΣΡ ae t/a {μι 
1 ὦ - | 
Te 1eSile Pis the moment of a about a point O,prove that 
ἘΣ 
where {tis the verpendicular distance from 0 to the Jine of action 


of 8. Hence show that the moments,about a point,of any two equal. 


vectors,with the same line.of action,are equal. 


low the moment of a about a point O is defined 
oy the vector P given by P = r,a.Thus 
| PIs pee! sina, 


where οἱ is the angle between r and BeHence! P{ = 1424 


iet gp and a' be two equal vectors,with the same line of action 
and with origins x and χοῦ Ὁ and p' be the moments of a and a! 


\ + τὰ 4 
about O.Then Payne , Parad sy va yy xe 


Ξ κα ,Since xx' is parallel to at 
=P AK ,since a'za 
The moment © of a vector a about 8. directed 
line L(with unit vector b in the positive direction 
of the line) is : 
CP» b-Craay ,independent of the position of O on Le 


164% Trivle Products: 


(i)The Scalar Triple Product(or box product) is defined as 


A, Ar Ay 
A - (Bac)= B, Gb des seek Peep 
σ, τ Cs 


and may be denoted by [ABC] . 

It renresents the volume of a parallelepined,having A,D,¢ 
as edges.'tie have 
| βι(βας)ε:ι(ςαβ): CAB) eek’ ae) 

Tf Aa(@ad)s0,the vectors lie in a plane(coplanar). 

(ii)The Vector Triple Product is defined as 

— BABAS)s (A.C) B-(8-ByC ἘΞ ...(1.10) 

By the definition of a cross product q = A, a(Bag) is 
perpendicular to the vector A and also to the vector Ba Ce 
Ascoratnely; the vector α lies in the plane of B and ¢ and may 
be expreased in the form q 2 ub + W,where u and v are scalar 


multinliers. 


ἡ 

: 

: ~ 
᾿ 

i 

: 

‘ ΙΝ - 

be ἌΣ a 
a * <a 

: ; ja att 

ἱ ee 
ae 

ζ - -“«.«Ψ». 
᾿ ᾿ + 
ὦ ἊΝ ὡς 
᾿ τ, 
Ὺ 
| “.. — 
we 


2 eS =. Ὅν 
tae τὰ ΞῈ ΦΣ Ὁ = 


> 


΄' 


᾿, ᾧ ‘. ap » 
πὸ ον. ΓΟ ΛΟ 2 


ἀπε OS leek Ma SS) AR 


—_—_— 
“ 

ων. δι  * 7 # γε 

9.2... : 


dt οὐ .0 mo : | Pr τῇ 
fepos owt en ROE tS Semele Swen wh Se 


Stemi Carn cap TS ML onlelckwrs eA 
oN ee oe Renee ee 
3 me GE a a Con his MN, Qomcteyr Tof AK 


Veto y 


¥ 


piety, “ Mietaetafiies, τ Mibvelly Rgna-elhany ἡ 


= 


“6. 


EXe1¢6:Find the volume of a parallelepiped with sides 


A s3i - ,B= 42k, C aieSje4k. 
Volune of parallelepiped =[ABC} = A.(Ba C)s!| a j=20 
4 


Bete TeQrIf A= 367 ,B πὶ -ϑῇὸ +k,C =4j -3k,find (A, 5) 6 and 


An (BaC) and prove that,in general, (AaB) aCAAa (BAC). 


aged brie Seiad oo νοι Vie 4. Καὶ 
βλθ τ: | 1 6) »(βαβ)λε [4 ar os τ etter 344 ole 
2 “3 . 1 ) | 
: δ ΠΩΣ 


% Parad) «= δὶ -5) +k 


1,5 Vectors in Analytic Geometry: 


Consider & rectangular coordinate system in three dimensional 


τι 
w 
L— 


space.Points are identified according to their locations,relative 
| to the three mitually nerpendicular planes./ given noint pis | 
then assigned the coordinates(x,y,z).If the position vector of > 
is p,then ὁ Savile yoeth 
Consider two points. py (x4 9¥4 524) and Po (10. 2.2.2, , their 
position vectors are,reapectively, 
Ke %key, 9 49:5. & Yes χεὶ τὸν" τ, 
the vector F& - (5 - π,)ὲ + (42-9, )b4 Ce,-8) κα 
2) Crem) τ) ως, -Ὁ} {" 


The direction cosines of a directed line are the cosines of 


fhe length of this vector ial yy 


the angles between the positive direction of the line and the 


vectors 1,j,k.For the vector D,Po,these are: 


ae so 


ie (¥2—-% ) ok ime ἘΣ cele PS gals (ἃ, ~% } 
| δε dy} Inn | ) γ5,- ] 


The quantities (m.-%) γ(υς; 24) φ (2,-% ) 
are the direction numbers. 
Zhe Vector vcuation of a Straigit Lincs 

Lt ΕΥ̓͂ denote the position vector of Po ἘΞ ΉΡΉΝΣ to some 
Given origin and yr denotes the position vector of an arbitrary 
point »v.If P,P is parallel to a given vector A,then 

ie AaCr~h) 2° ...(1.11) 

is the equation of the line through a specified point | 
and havinv's specified direction. The vector ( r= 2) 
16 parallel to A if and only if it is a scalar multiple 
of Alot. (Y¥-%)s tA ον re YettA 
As Ὁ varies from ~cotoe,the point p traces out the entire line, : 
each t corresponds to exactly one point on the Jinc. 


In terms of rectangular coordinates,the equation of the 


straight Jine is written in the form: 


(2~%o) | (9- 9.) . G-%) (1.12) 
; wy “ eoe 3 
Exe1.3:Compute the distance between the two straight lines 
-) ἢ Za 2 ”, yn2 2.) 
FS με. Ὧν 5 : μὴ " 2 or 


ig -3 ” } 
Choose two points py (1492, 3)& Po (=14241) on the first and 


second line,respectively. Pop, ai <4) +2k. 


>) 


_ The Vector Dquation of 8. Plane: 


-8- 


Obtain the normal to the two lines 


Seats ees Νὰ 
N =| & -3 | ne 
ἱ ra) -5 


The distance between the two lines 'Ξρρ 9. oN =28/ {259. 


Suppose that a plane is specified as passing 
through the point Ῥω swith position vector ©; relatir 
to a given origin 0O,and as being perpendicular to 
the direction ofA,Then 8 point p with position 
vector r lies on the plane if and only if the yoctor 


from Py to p,that is rer, ,i8 perpendicular to λ2φ2.6. 
$ 


2.(τ- το) τὸ vae(1613) 


This is the vector equation of the planee 
Tet netiley cent, , fae Feirddr Bey Του Σεὶ τον 


be the nosition vectors of points ° 


AC Ae pee ) , Tee yt) ν τ ¢ 3 993,82 ) 


We assume that p,,Po, and Ps do not lie on the same straight 


Line,hence they determine ἃ plane.let 2 = xityj+zk denote the 


position vector of any point n(x,y,2) on the plane Consider 


vectors ΕΣ. τσὶ, Py = τῷ Ὑ hPsrer 


which all. Lie on the plane.Then RP. ( δι δὲ nF, Pe) -ο 


or (te m)-[Cn-n) α 2- 1} 2° oo (1914) 


which is the equation of the plane passing through P.sPo1Pz° 


oe Coe 


In terms of rectangular ccordinates,Ec. (1614) becomes: 
PS oe (§-9,) (2- %, ) 
ξ ee tet> 
(Xi = %s) (9,-Y,) (%,—-, ) πο {415} 
le ~%,) oD Y¥,) (2; . %) 
Exe1.9:Find an equation of the plane passing through the points 
RU-2) , ἢ (τρῶν ἢ C2241). 
The equation of the plane is 
| (5. (9.1) (5:2) 


ψπι-λ C2-t) {φ40) ΞΟ ΟΣ Sx#27+3z=0 


: (2-3) (= fa) Cie2) 
2Xo1e10:Compute the distance from the point(1,3,-2) to the plane 
P(1,3,-%) 
bx By4127=40 
᾿ς Choose any point Po on the plane.The desired 
distance is the Length of Projection of the vector — 


p along the normal to the plane.slet τ. (1,8.,1), 


ae 


᾿ 


t 


$s 


1671 Po? ΞΖ, 


είς πα dere) //g 
ies the unit vector ΟΣ, to the plane.The distance from the point 


(1434-2) to the plane is Ὁ PoP oh = -3.Negative sign means that the 
point is below the Planes | 


ς΄ 


ἢ οἰς 


wet Vector E-uation of a Sphere: : P 


Consider a sphere with center at Pp, and radius ἃ 


then 


ἸΣυ Χο 2 o | see(7216) 

is the condition satisfied oy those pointe on the svhore. 
Squaring both sides. we obtain, | ita 

(X06) + (νυ (5 - 2) - a? | ξ τς φ“44(1.17) 
ΟΣ is the normal equation of a sphere in rectangular coor Δ ποῦ σε. 
“XeleI1:Show that veetors drawn from the points (2,0,0) and 
(=250,0) to any point on the sphere raa are pervendicular. 
Observe then that the equation of the sgl can be written: 
(r + a)e(r « 8) τὸ, 


where & is the position vector of (a,0,0). 


Let yp, (a,0,0) ,m5(ea,0,0) and p(x47 2) be three 


yearn 
points om the sphere,then Pp RP 2 (tea) | eb yy Jy ἐκ 


VRP = tesaligulerk. ee RP. BPs xtey 2-20 


Thus the two vectors are perpendicular.This shows that the eruation 


ΟΣ the sphere can be written in the form (r = a)e(Z + a)=0- 


im the above example if the origin is tronsiated to the point 


ta, 0,0), the position vector Σ 16 replaced by r'+g,where zr’ 15 


the new position vector.The corresponding equation in rectenculer 


coordinates, centered δὲ this new origin is: 


e's (x 428.) <0 or x ay 42 42ax ΞΟ. 


.Ἴ 1. 


Problems-Vector Analysis 


1.1 prove that the projection of A on B is equak to heb where 
a 
Ὁ is a unit vector in the direction of B.eVerify the result fob 


As lid ahj 42 ond B = 64 α 33 ~6k 


4.2 Find the acute angle between the diagonals of a quadrilateral 
having vertices at (0,0,0),(3,2,0),(4,6,0) and (1 page 
AnSe 9 = cos” τὰ {65 
123 Prove that the area of a —_ with sides A and B 
is AaB Hence find the area of the triangle with vertices at 
D(24=341) ,Q(14=1,2) and R(=1,2,3). ans. {3/2 
14% Prove that the area of the triangle whose vertices are at 
Py FigR is the magnitude of the vector [(9aR)+@QaP)+(2 κοῦ [260 
Checle your result using the points given in (1.3). | 
1.5 Determine the unit vector perpendicular to the plane ΟΘΘΨΆΚΜΑΝΕ 
A = 24 -G6j -3k ahd B = 44 121 +k. ina. (3i-2 546%) /7 
1.6 Tind the equation of the plane passing throush (24-1492), 
nl 92,73) and (4, 1,0) .Determine the unit vector perpendicular 
to that plane. Anse (24+-2yo52=9) 
: (52 48 - 2) ΥΓ 7 
1. Obtain the equation of a plane containing the point (1,=2,0) 


aud the two vectors Asi = made and B= ai +k 
“Ans. (xe5y 222-9) 


idan 


1.0 Determine a unit vector along the line of sntersection of 
the vlanes. x ~y +22 = 3 and ex Ὁ wiz = 1 7 
Ane. (244854315) / {77 
1.9 Vrite the equation of the line verpendicular to 
ai “Δ +i and parallel to the plane 2x +y τ =1 and passing 


. through the voint (1, 0,73) 
Anse (x913/4) ει 1522) /10=2/ 4 


4.10 Determine the equation of the plane tangent to the sphere 


=13 at the point (3,-4,12). ans. (Gxety#12z=169) « 


TI-DERIVATIVES & INTEGRALS ofVECTORS 
8.1 Differentiation & Integr ation of Vector Function: 
1 to each value,assumed by a scalar variable u,there 
cboresponts a vector A(u),or briefly 4, then Ὧν is called a 
(vector)function of u.The derivative of Ata) is defined as: 


| Fre a ag aca a 00201) & 
ae “provided this Jimit existe. ἘΠῚ QU) τα ὦ υνδιχον νοθι,μὰ 
Ε rf ans rs + An(n) J ΔΑ (Ὁ), then Tees mune, Suck 
5 | δι}. TAs 5 + E3 e : soo(2e2) 
| ‘Stmttariy we can cats higher taste Τ | 
If Ζ() is a acalar » function, while ata) and. B(u) ere vector 
| ‘functions, Chen Rok: 
: cea) Ὁ 44. ἐπ Α ...(2.2) 
ἑ τἀ (8). 6. ἐδ, BSB one (2o) 
| Ι gH. [6.5] = An of ie ἀβ 15 5 nee (Bae? 
The indefinite integral of A(u) is defined as 
a fe Cujdu = Lf ajeurde . “ὦ Jorcurdarte fascareit v6 (2.6) 
If there exists. a vector function B(u) such that 
Alara . {8 (ων 
then } ὁ farerdun [4 γρωλως Bare & ἷς ...(2.7) 
aes ¢ is an arbitrary constant vector independent of u. ) 
The definite integral between limites Us of and uz is given 


wr. 
by facades Ja [acm] di aie es poe (208) 


oe 


- 
“ 


<< 


«τα 


Exe2e1:If B{x,y,2) ax” yz and A=3x°yi ἀγα ἢ oxzk,find 


πὸ (Ga) δὲ the point (1,-2,-1). 
598 . | 
oAeaxtyatea'y 2*b-x yk 
P(A )= Ext yin Cx ye y-2p' ale 
ἘΦ u=l,y=-2,%=~1 this becomes 123 “121 +2k 


R Q — — ἃ ; 
Exe2e2? Evaluate J ACujadu if Ala) =(3u=1)4 +(2u3) J + (60 lm) Je 
“Use 2 
The given integral equals fcaute "δὲ a (2uasrge(eutepuries 6. 


Ue 


= fie _uye =o (οὖ “3uds+ (Σ΄ re” ΣῊΝ 2 Corte 


> 2.2 Differentiation with respect to time: = 
lat oe ere on of the particle with respect Sa 

to the origin of a cartesian reference frame be 
denoted by r(x) eAs U sii terminal poant 

of r deseribes a space ‘eurve having parametric 


equations: x=x(u), γεν (Ὁ) »zez(u) ‘ 
αν ΤῈ the parameter ἃ te the arc length (δ), measured from some CY «sce 
fixed point on the curve,then 
ar/as = ἢ | ...(2.9) 
is the unit tangent vector. 
i) If ἃ 48 the time t,then | 
| ar/at τὺ eee (2010) 


“Ὃς ϑν ἀντι eee CRAZY ats he Sn ΣΝ =} en 
A se Φοῦξοι ab JI σούς νος p aby sy 

Crt 2 @8/2a γεμδουδ να" Sine LU22 YY-~ ess by SVE) 
a CBs Le EL - PERO Es CZ4EN -a0) = 


Lae Jus Cs Ἢ ae L 5 6 guise ἔς ( ot ys a’) ἘΝ 
r [C3 ~ 2}, ιῖ Lay OC, οι ‘ a GG Baie ya ‘= 
SG a τ a κὸν 
N Sy aver “Ὁ tsi SHO) 
aa: πὰ ae ore τ -τ ὌΝ eaodtentes 
τῷ towing de JAR κων dicate 2 λοί τὶ acts 


Maw CR dy Ὁ 3 WS ιν VeCer 
Leng Yer EMA, Coyene th. 


ἷ 
x DiGFberen WGA. Qee meters ‘s= dw Ἀνθ Sa ciow: Wa Shark | 
HAWworvd Weve ARR ASR accel Ἀκτνόλο 9 Goa λους Aya 
ἢ : 
eS WR Caw ‘ve σὺν PVESAA CN Kets οὐ Ure desivordives 


eee. δος α Rar) ~lern ee ἄϑουγο Watt οἷς ἃ, 


== 
is the velocity of the natn sate: have 
dies dr/at =(dr/ds)(ds/dt) = T (ds/at) = Dv eee (2071) 
where | | 


v= ds/ét is the epeed of the particle. 


Ut) Since T 45 a unit tangent vector,we have 
Let = 4 a ες πος Ὁ o δον (2412) 


then, aifterentiating with See ἐς s,we obtain 

T.(AT/ds) + (a8/ds).T = ete so we 145)= =| ἐστ 

ὧν ος αὐ fan), τς ἘΥΓῈΣ id 
S 


which states that ἀπ) is ὌΡΕΙ ες. perpendiewlar to Te ΤᾺ 
Ἂ f 


Ceti [ds 


Tf N ame 8. unit vector in the Girection of ar/és,we have rfoN SOx 


} οἵ o> 3 UIT we frets τι 
Ἂν ἊΝ Νὰ ἕνα bes as atl wee an/ds S = N Qe Sax: —— 000 (201) Cine Heol divectt x 
= A= ECA S) Cihipeme 5. 
and we call 7 the unit peincipal fe. to CeThe scalar S24 + is See 
ἝἜ werray Καὶ εἰ er/as | (SSS) ἣ re βδν Raves edt 
ek τς. 
is called the curvature , while R =1/K is called the radius οὗ 
curvature.(@) . ΕΞ Vi% | | 
The unit Binormal B to the curve C is defined as: 
‘ Β τὸ ἐν" Ν N ; & Ἂς aa =) | eeol2 015) 
᾿ς: Ὁ ΟΣ dita es 
Gti) Using the definitions of the. tangent T and normal N unit 
vectors (Eqse (2011) &(2e14)) the acceleration of the particle is 
a = oe = A(T vy) /at = a(T as /at) /at | 
κε: τ ς Adt -ἰότ οἷς) ρος tt) ~W/eyy 
Then . | 
as tan/at) (ae /at) +T ἃ °e/at® 
| τω: a= (N/R) (as/at)* τ ἀξ ε,ᾶςξ ΠΥ gee(2016) 
= dv ' a é | 
-οἋοἿ}᾽} = aD te Soe Se ee 
o (s=) Ἶ «- Ἄ ἐν Y= τ 
N ow νι AS Ss. ch ire cto no & (ct 3 Δὸν, Co Samp ne TN tends ts We ona ὁ. xis 
WI Un YS τα raion she WT tend S To N od (S), NbiceQare (dR Ld < > ) AS ον, el > N : 
NoSS& 3 S22 AG nnd oS DS po > NO o 4 = Nodtlden = * yu one. 


ς. SX θυρῶν, = 


RAs Naw i RRS Tt WG) = χὰ ae SD. SS to Coss) 
[αν 
TWAS ταν sPuce Se 
“ed eS Cr ov Veg ond Won ve choy “NQ) awd nts) wy τ sSMRLALe 
ty Ww my a Lad ὡς 
ROSES — oleseygn | 
Th. ss WER ns 


Rn Net oh S iS Ma PLD Peratad Ke MAS Mares Wes, 
5A 


Wn \ os 
Sas Ng GO τος ὄν ἜΘ δος τ (_ Cesws V2— ας 
REE ot re ye τ » gs 


ες τες =~ 


WS 
Rar SS) MAE 6S Guberdt 


tS FO sa vy 


Ὁ Ts vector (AT [dS ) in dicotes tha Way νὰ which Lhe νὰν 
Tamyent Necker τ ἃς clhomymasy divection el se > Loryer 
Ma vetueio& alld sW = Wy treater 1s κα Cursing 62 C ots. 
ot Tool. χ (5) - s πδΛ asin Se Ne St tof: | “ 
- Nekst ‘Nae EaR— Nec. ch τρῶς ALC re aro (in Enis Canc) 
δὰ Reta χόλον, Reramebritsrtion oF Ws Curve ΟΞ Εν. β 
Ἷ Bis) He Rens Le δ ων νου Pence 


> Ἢ = ᾿ SORE 98 ho. ἐς ρος “T CS) 
τς ΤᾺ - δακὰ Νεζ5Υ. US σολλοὰ De Holness 
Wa) Ἐς τ ἔ 4) se 
‘ = 2 Pong oo \n okt _S_, 
‘ACS . 
WA) wy Re “vw Renee », VOM ORS Net rnc ford Talmotmned ck Wis), 


Nera De dive cton of NCS) is Lowords Br ConCove Side 
\ 
of us Qurve 


NG AS AMS ws lu τορος ἢ Vase Yond Μ' τὰ δὲ gh 
EAN ee ee Rasiwy Υ 0 τ πον, Bea SiR yw 


— 


SQ) BS CS CANN RLorsd ofl Dpetgy Ac Wn at 9. is We Revs eit) 
=. See - Rate rtel te WSs Wrrough WS) πὸ τ. be) ΣΟ : 
Pinta Ὁ AY S154 853 τὶ XS) jp tw rarer dh C Ane Ξὸ We nove το Wand 25 oa (ἋΣ also ve 
tt οὐ fond 5, νὰ of SS a ATS os bMS 0 = Ah ak (LS 485)-pra B ohisy, 
Now, Renn Ba cnrnlas SbPers nok (el), AVL ELA SAES 5 LIMA. Aeans ΟΝ ὡς οι τ te. oes ὄνος 
Some Vebna, Wha οὶ 0 Chroma thers κὴὲδ of (GBS οὗ οἱ Conner χὰ ὦ Rand, Ve. 5 — oo eS 
> pe » ~\ > 2 Q Rows - 


We thus see that the acceleration of the particle consists 
of two terns, The ραβδὶ term is the contripeta acceleration of 
the particle and depends on the racius of ‘niente R of the 

(d¥ldxy=< ὁ Udvics) 
—— and the square of the speed} (the ¢ second term depends 
upon the rate of change of speed of the: particle ane is directed 
atong the tangent to the ‘path of the pastaene,) = 
Ex.2e:Given a space curve C with position vector . 
r= 3 cos δὲ ἃ +3 sin et 3 «(δερκ 
i)Find' ἃ ἰδ tangent vector I to the curve Siow that Y= V2, 
where V and v are the particle's | velocity and speed respectively. 


ii)Find the curvature unit principal N and the pinoraal 3 at 8. 
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Vi 
point, of the space curve Ce | 

A tangent vector to © is: 
‘dr/at = ~6sin2t 1 + Geos2t J +8k 
: The magnitude of this vector is β ον | 
(m60in2t)’ *u6coszt) Ser Cae 
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Then a wit tangent vector τοῦ is i. 


i m a(an/at)/, dx /etl ahae/at) /(as/at) tr γᾶ Ἢ 
“Ὁ 5. am 279. sin2t ἃ +3/5 coset J +4/5 Xe 
Hence | | | | | 
Vu dr/et = ~6ein2t 5. + Scos2t J + 8k = 102 
Note that in this case the speed of the particle along the curve, | 


ts constant... 
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aT /as -(an/at) /(an/8t) -: ~3(cos2t ὁ τ᾿ sin2t Drs 
The curvature Κα =!at/as! = 3/25, radiue of curvature Ra1/M=25/3 | 
‘The Normal N =(dl/as)/K= R(aT/as) = -(cos2t 3 + oin2t ὁ) 
‘The Binorms] B= TaN = (4 sin2t ἃ. =. con2t Ὁ ΒΡ Bie) /5 


ἂγ Bxe2e ἐς :If T,N and B are the unit. tengont octor untt principal. 
ποδῶν and unit binormal to a anne curve ran (u) ,assumed | 
aifferentiable, prove that | 
| aB/de = -1ΤῈ «and. ὄν άβ. -τϑ - xz 
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where K is the aurea’ and Tis the tomstond'<*\2~' oiing of 7.2} 
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\ Since Ῥ & nil os 


Then τὸ (88.788) = Te(T A 81,86) = 


Thus =: is perpendicular to a4B/ds. @ Ted \(d& Las ) 


But 38.° gal thus B-(aB/as) =0, ἄνθει 2 B is perpendicular to GB/AS o ὦ 
‘ COM tagay Var (yor ewes 3 
i Lay νος thn GYR) Sion | 


Thus | 6B/és = -TN | 
_iser let oe Bas ; aN/as = B ady/ds + B/denT 
=. : a Bae ΡΝ. β 


ox : an/as 5 - KD. oR. ~*~ 
the relations for aT/ds, a3 /as and ayes are called the 
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2.3 Application to Mechanics: — ἐπ εχ ee ς ΕἸ Ὁ 
(i) Rotating Axes :Consider Η small parties: on & rotating ; plane 2 


sheet of cardboard, rotating about a seca point O with a uniform| ἘΠῚ τὸ tein, 
= See Nels CT) 
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vad oye POY) ταν 8). τ 
where i and j are unit vectors in the x and y directions that Ἢ ΘΝ 
i.e. ccy hes / RPS 
“rotate ¥ with | the cardboard. The velocity Vv. relative to fixed _ 5 Ace & 


V = ar/at = a = Ὁ y3) /at EAs gently 
=(dx/at)i + x(ai/at) 4 (ay/8t) 3 + y(as/et) 
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a = av/at =( £° mow f= Axi #0 $° + awk ow ey) 3 ca 


Thus the acceleration of the particle consists of three separate 
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terms: 
8) Δ᾽ ΕἾΝ ag δι jnceeleration with respect to the rotating ecordinate’: 
system, om bes: δ Ay)! eas | Ὁ ; 


Ὁ) δν(-δ + 32) δ nx _scortelie scceleration,where ¥ ΑΝ τ $j ts is 


the relative Sie and Ww τῆ 
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Sinee ν ο(δνν a ¥,,)=0,the Coriolis ΔΟΡΊΝΡΗ ion is perpendicular 
to the relative velocitye = — fe Bb " Ate ἃ PS 
c). “wo - ΟΝ =o wer’ λων centripetal acceleration ant is directed 


aw towards the centre of rotatione | 


Lcd, (31) Polar Coordinates: Let = haven: the polar 
coordinates describing “the position of & re. at 
any time be ai ΕΣ is δ unit vector in the direction 


ofr and 8, is a unit vector perpendicular tor and . 
ee oe 


Sn the cirettion of increasing 9. 
ar/dr is a vector tangent to the curve Q=const. 
 $.@. a vector in the direction of r(increasing 2) »A unit vector — 


in this direction is thus given by 


= ox ΠΕ | WY 
fori iar 
Since r= χὰ +H yjJ =f cos@ i +r sin6j- - ya aie tay ee ee 
Then ec = cose i + sind 3 (2) - 1 oee(2ec20) 
so that r, Ξ cose 1 + sind J = = εἰ ~ 09062027) 


Similarly , 3: is a vector tangent ‘to the curve raconste 
A unit vector in this airection is given by — 
ax Ges 
ee | Μίνω te  aveteence 
“Then aE x= r sind i ὡς Ἕ. anne J ; leet" | e0e . 


so that . | | 8, ξ “Ὁ sine a “6059 j ἘΣ os ...(2.22) 


> , ae seaeree a la υλαΝ, 
a ae ACCe λοις λον ἃ. RceleCarion ACECeLal ror ow; 
= a ττ οἶος σὰς se “yc Rsxed fn ve ae <A : 43 ὧς 


Seen a εοξε κε ὐθ Wine (2. Joss fen = — 
ἃ - (dv εἰϊγ)- (εἰν lak), yet ἊΝ ‘es 
ada Lake WeLoAL ve | 
Nae), (ae Let) a Ἄ Adc. lds) = 
eatin ae 
(uy - (8 τον Cs = <3), a (eave RY <3) ἘΠ πῇ a 
Sd e P yeu aary ᾿ πος Ov Qle\eratiiresh — “ἢ 
ἐφ τὰ ΟΣ. XK τι © KL. Ose aes. 


Tang - 3 ee 


eS = — Aid} NACQACe 


Ξ vz Es oy See A CEES SWONS As wards 
= So (Cevieus ἢ a | ae Sree 
: : )- eS ES Bae Se Ws, Comte, atansteRon 


Ὁ 


Pee ε: «τ. 2 seen) =e 


JZ - 


> 55 ! 
= ὅς ὦ κι Ἐς -- hk τὸ [5 ( υϑ) οΥΐ- τῷ 


35. SO Γ ἰὴ muse ys τς retell on 
2 wr ¥ ( Nokes 
Tore 4 

ον τος ἀντ oS are RS RRS το yee ἴδ, dey) 


sa) We Ghee 
4 fig : ~ —_— a Ps oo = 


— «εὐ. 


= Fa 
«-- 7 


Solving (2.2%) and (2.23) we get: | ge 
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de Ont, AMERY 8. {= sine £, + 9080 9). 


Z Ὁ sks (2.24) | 


Since 5 2 os 2 BB dee + Die Ὁ ὡς δ. - “Be. 


and 6; dn» Ξ a -Ξ ἐξ ¢ Re τὸ Tt ἐτῶν ὁ, Ὁ Be | | 
eae Ey = © 8. ᾿ ΕἾ ΕΣ ΤᾺ ΟΣ mente) 
using Eqs.{2.20) and (2222). 
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(rer δ), ,.«(τ ϑειδτν @) 8, geo(2e27) 


Suppose a particle Ὁ moves on 8. ποῦν τω C οἱ radius Reif 


is the arc length,measured along C from A to > and 
Θ is the corresponding angle subtended at the gentre 


O,then s.=RO.Thus the velocity is tangential of magns.tude 


Vip a3 RO eee (2.28) 


‘The radial acceleration is 
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Exe2e5:h particle moves 60 that ite position vector ia Given by 
r= coswt i + sinwt j,where w is a constant .Show that the 
velocity v of the particle is perpendicular. te ‘2 end the 
acceleration Ὁ is directed toward the origin and has | 
magnitude proportional to the distence from the origin. 
Hence prove that TaV= a constant vectors © 

Ree ° = ἐξ z- woinot b #02 Costs ἐπὶ 
Then X2.¢8a Cesuti + Sos wath a). (strut § : ome ἴμεν 
thus © and vy are perpendicular. ; | 

i de. tao! τορος ot) a-otr 

Thus the acceleration is opposite to the direction of 2.3.6. 

it is Girected toward the origin. Its magnitude 25 preportional 


to |r} ,the distance from the origin. 


ra vox w(cos@wt "Ν δἰ απο) k = wk,a constant vector. 

Phyaically,the motion is that of a particle. moving on the 
circumference of a circle with constant angular apeod weThe 
acceleration,directed toward the centre of the οὔποθ, τε the 


centripetal acceleration. 
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Ex.2.6: A ladder AB of Length a rests against a vertical wall, OA. 
The foot B of the ladder is pulled away with constant 
apaed.* O° (a) Show that the ἀριυλίων ¢ of the ladder describes 
the arc of a circle of radius a/2 ‘with centre at 0. 

(b)Find the velocity and speed of the midpoint of the 
Jadder et the instant where B is distant b<a from the 

let xr be the position vector of the midpoint M 

of AB.If the angie OBA = @,we have 
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Thus jr {| -a/2,which is a cirele of radius 8,8 with centre at Oo 
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The velocity of the midpoint M is 


ἀξ. da 206i 0-06)) : : 
The velocity of the foot B of the ladder is 


wie dg (o8ds-asceOk . 
At the inatent where B is distant Ὁ from the wall we have 
| Sn8 2 fot [α ‘ = -ve/fat-b* , 0. 92 b/o, 
Thus the required velocity of Mat thie instant 2.8 
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LS 2e4 The lane Integral: 
Tet A be @ vector field in space aiid AB 


a curve deacrined in the sense A to Belat the 


continuous curve AB be subdivided into infinitesimal 


vector elements «ΟἹ. (rat 42,000) ΚΤ the scalar | 


products A A. . " @lgwhere A A, are the values that 
the vector field A &akes at the junction points of the vectors 
dl eThe sum of these scalar producta, that is, 
® Σ An. . dl, = Aodl. Ϊ "το ζ8.5.}} 

summed up along the entire tongth of the curve,is imown 8.5 the 
line interred. of A along the curve ΛΒ. 

τὸ ‘Le obvious that the ine integral from B to A is the 
negative of that from A to Be 

Tet A = αὐ αν ἢ Agi # Aaj + Agi be a vector function ἐξ 
position(vector Field) .The integral of the tangential coin 


of A ΒΊΟΙΣ the curve from A to B is written 88: 


" 
Sins él = casa ax + Ady + Azé2) gael 38.) 
B 2 
ΣῈ represents “the force on & moving particle ,then the line 
integral of F over the path described by the particle is the 


work done by the force. 
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«δ..- 
Tf Ο is 8. closed curve (which we phall suppose is a simple 


closed curve,iets & Curve which coes not intersect itselt 
anywhere then the integral is often denoted by 

| § λον = Gea, ax + Andy + Ἀ82) oe (20Be) 

In general, 8. rine integral has a value which depends on “he 
path.If the Line integral is independent of the path,the closed 


Jine integral vanishes identically 98. property which will be 


explained in IIls 


Το. If A =(3x-=Gyz) 4 + (2y43x2) J + (A alisgy2”)X jovaluate 
( ner from (0, 0, O)to(1, 1,1) along the following paths 
οὐδεν, γεεδι παι 2, | | 
p)the straight lines from (0,0,0)%0(0,0,1) then το(ο,1,1) 
: and then to (11,1) ἘΝ 
gethe straicht line joining (0,04 Q) atts 1 4). 


Aedr = =) τοῦ- Gyo is leyesmande 4 MIE IES (Api cdg drake) 


ἡ ris. (γε) ἐκ a (ey 435 2)4 9 + {{πῷ Ἀ5Ὲ λγ Δ 


ἘΠῸῚ xat,yet 2 nxt’, points (0,040) and (1,1, 1) correspond to 39 
and t=1 anh ieee mine 
se Stee Cab ode o Catteseryatde + l- 


C tx 


= ἃ 


att). tat | 


τι 
# 
2 


“65. 


WALong the straight line from (0, 0,0) to (0,0,1) ,x=0,y=0,dx=0, 
dy=0 while z varies from 0 to 1.Then the integral over this part 


of the _— is 


Ϊ [¢1-#erer¢8) 2] » five 


Ἕπτο 
Along the straight line from (0,0, 1)t0 (0,7; ess ὐὐνς δυο 


while y varies from 0 to 1.Then the integral, over this pert of the 


path is ' 


. ἦεν =f 
ΕΣ 


ΑΔ Abs ateeteek: tae seentnes s1)40 (141491) ,γΥ51,2 5 ,aya0, 220 
while x varies from 0 to 1.Then the integra, over this part of the 
path is ᾿ | ᾿ ἐν 

( (4χ΄ - Cyd raeS 


95 Ὁ 


f Bode 2s fe leS 2-3 
ς ae 
@Along the straight line joining (0,0,0) and (1,1,1) we have χε, 


yst,z=t.Then since dxsdy=dz=dt, 


J σεν fiver Cetzdts (20+3t° γ τ. (11-68% lt] 


tse 


Acding 


= G/s 


Note that in thie case the value of the integral depends on the 


ὦ 2 bone 


+ Ex.2,0:Find the work done in moving δ paittie&e once arcumd an? 
ellipse C in the xy plane,if the ellipse has centre at 
the origin with semi-major and semi=minor axes ἢ and 2 

respectively,and if the force field is given by 

F 2(3xahys2n) i+ (χε τϑα δ) 3+ (2xz—liy 2427) x 
τὰ the plane 2=0,F=(3xehy)i+(4x+2y) jnhy® k and dracod+eyj 
so that the work done is ibe ; 
Orde Ὕ fies κ- by dd rp OUR ΜΕΥ 
ς c 


(ea tatty 
wh stig tint? 


Choose the parametric equations of the ellipse as x=‘cost, 


y=3eint,where ὃ varies from 0 to 27 .Then the line integrel 
equals pun 
sa (42- BoSs=% 4, τ) εἶτ 2 Cutt - “εἰ ¢ ) ι 


2% 7 


In traversing ©. we have chosen the counterclockwise direction. 
We call thie the positive direction,or say that C has been 
traversed in the positive sense.If C were ereeers in the 
clockwise(negative) direction the veaiue of Yhe intogral would de 


~96 77 « 


“07. 


Ex.2.9:Evaluate [yds along the curve C given by ya2fx from. 
Sag | 
5 x=% to γύρα: 


Since ds =Vax 14( 74) ax = τῷ 11,5 dx,we have 
sds. fiers ft a hens] wis 


39. 3 
BxXe2e10: Erove that (6xy~~y) ax + (6x Oye 3x7") dy is inderendent 
of the path sunehiee (1,2) and (3,4) and evaluate the 
integral. 
Choose two paths: , | 
i)Straight lines joining (1,2) to (3,2) and then to (3,4). 
Along the atraight line from (1,2) to (3,2), y=2,dy=0 and the 


Jine integral equals 


J (242%-8¥e= Lo 


κα the straight line from (3,2)to (3,4), x=3,dx=0 and the 


line integral equals 
[φῶονν dy « (66 


Then the required valuen2 56, 


f 


14)Straight line joining (1,2) and (3,4), its equation is 


youtl ,dy=dx,and the integral becomes 


κοι = » 


«28. 
Then the required integral equals’ 


Sie>- wd itis “dx S¥ Cxe1)Ce-1) lr “Stee 491 Sci ὦ» 


- 236 
i.e, the Line integral is independent of the pathe 


On the other hand,by inspection we could note that 


7¥ 
Jieats- dxg (6x 9-349 Jdy] = 
"κ 3. P| 
de (c χυ οἰκ. 6xycds)- [Pater se yoly) 
ta ἐῶν 7 
%Y , 

. {dears “δ . | εἰ(κυ Jacastst- ey?) = 926 

yt ha 12 


Cranetessst the line integral ἧλος is independent of the 


ic - fap = By ~ Bp 
2 A 
Since 


dD a ἝΞ de ¢ ἜΣ ἐν ἐ REM? 


ῖ 2 (22 ig BE J+ 55): ee carne 


Then A « = ὲ 0 + oe 'ς 


path »we can write 


We have here = important case in which a vector field is 
anh from a scalar field,if the line integral. 35 indenendent 


of the path.Therefore,it does not necessarily follow conversely 


that all vector fields can be @erived from a scalar fielde 


ia 


Problems 


2.1:Prove that ἃ (Ang) = Anee ,d2 8 


where A me Β are differentiable functions of Ue 


Hence show that ΓΒ ἐν... 
jes gel γα Te 


δι A = Hsing + αν ταῦ πο find dA. 
ARSs (2x Stay bas Bey dy it (22 Goy d2- ~Btsay dy ds 
aCutdxetxydyi® 


(Red? Te Aa wets od κεῖ Baths wae FeE eS * t- y d+ χ'εῖς 


ini t the point 
in ΞΖ (ans) y dla-(eas)] aa 


(1 9m" 92) 0 


we 
and 


at the point 
ax * Sy 


2ehtre Ra xtyi-zv deny? k tina Ἔ Ε. 


ὡς τρῶν, 


AnSe ys 


A dér 
2st Ya C4%.2¢ 3S i.2¢ us dpasin sth, find of. and Tee at t=0 
Anse 26469 +!ols ψ -led 
2,625 A is @ differentiable function of u and [Δ}} =1,prove that 


ai/au ia perpendicular to Ne 


δοὺξ 


2,98 


om 3 Ou 


/ 


Find the unit tangent T,the principal normal N and the 
radius of curvature to the space curve cat ,yat’/2,2t Hence 
find the velocity,the speed, and the acceleration of a 
particle moving on the above curve. 
Anes Tz Cirti¢e)/ tee we CO? pester /yettes 
Rate, 2 ἀξ ες, ve γε 
Ona tts ,α, [τ [fee 


If r= a coswt + Ὁ sinwt,where a and Ὁ are any constant non~ 


«ς 


collinear vectors and w is a constant sealar, prove that 


Yravs wa ats ) ane. v 4u Yao 


Interpret the relations 
pS wh ΕΞ Ὄλκλξιπο 


Find the tangential and normal acceleration of a yarticle 


which moves on the ellipse r=a coswt i+bsinwt Jy 


An@e A πα wt (o*—b*) Sin wt Ο.. wt 
4 a 


ν at Sin ws *O.s*est 


wta Ὁ 


| ἃ, τὶ ---ΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞΞΙ͂Ξ 
1,2 Ψ ana t+ b2Qo7est 


2.10: Evaluate J Fcatawye Ke lytea dey ajalong ἃ straight line from 


&;! 
(0,1)¢0(1,2), b)straight line from (0,1)tof{1,1) and then 
from (1,7) t0(1,2),c) the parabola rat σεν 21. 
AnSe 2)5/3,0)8/3,c)26 


eo Ee 


TIT-GRADIENT , DIVERGENCE & CURL - 


3.1: The Differential Operator Ὁ : 
The vector(differential) operator V(del or nabla),in 


cartesian coordinates is defined by 


Valea 2 kh ΜΕΤ ῪΣ 
τὸ may be applied as a directive differentiator either to 
δ. scalar or to a vector function of space,provided that these © 
functions have continuous first partial derivatives(at least). 
Ve my formally regard V as a vector which can have either δ. 
scalar or a vector product with other vectors. 
In vector analysis there are three fundamental. operations 
with V¥ whieh are of physical interest.If S is a scalar function 
of space and V a vector function of space , these operations are: 


(2) VS,where V acts as a differentiator, 


(32) 9 .V and (111) PaV,where JY is treated as a formal vector» 


232 The Gradient of a Scalar Field: 

Certain physical quantities, such as potential in an electric 
field due to static charges,can be represented from point to 
point in space by a scalar point Πρ the coordinates. 
The entire scalar field can be mapped out by level surfaces, <.'» Ὁ 
upon each of which the scalar function S has a constant value. 


In our example,the Level surfaces are the equipotential surfaces. 
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Consider two level surface,very close together, 
and examine a small portion of them in the 
weighbourhood of a given point A on the surface 
characterized by the constant value of S,the scalar 
function,and the other by S+d8,. 

if x is the radius vector from the origin to A,the least 
Cistance between the surfaces will be in the direction of the Φ 

ΓΆΔ normal vector nat A and of length an 
The gradient of a scalar function S(or abbreviated grad 8) 


eae CD 
is given bys bk ἘΞ" 
Disa Ἂ se NATO τὰ 
“ grad S = 252 Se Sais idle Φ ἃς tet 


C°AVE Cane & AL 


It is a vector whode magnitude is the maximm rate of increase 
of S and its direction is along the normal. 
ae 
oat = (grad 5) ,ἀς = (Ὁ 8,445 n) dr =(2 S/e n) \dr_cosd| =(% $/an)dn 
SCL ἀχὲὰ rsd 6) ag =(%S/d>x)ex + (9 5,0 y)dy + (Ὁ 5,2 2) 2 
(Ὁ 5,0 x)idxd «(98)» y) 2.ἀγὴ τ(Ὁ 520 2) .ὅξκ 
= [9 8,90 x) d+ (ὦ S/o γ)8 τῷ Sf 2)Κ}.. ex, 


Therefore 
grad Ss (ὃ S/> x)i + (ὃ 8, y)J + @ 857 z)k 
or grad S = Ὁ Β | 
where VS = 924,955,225 ...(2.2) 
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EXe301: Fina Ὁ αὶ τ ac f= In {rf} 6 f= 1. 
(a) re σὲ εὐ eek. Thee (thapsere® , pa labels Lear) 
Vp= ἀν be (ote 3'> τ) 
ε Ll ss 9. μια ee dee ὡς 2 ἰκ (κε ετ' } 1 Ὲ 3 2 Ia (x'ey'¢2’y { 


} 
εἰς Soe cae ἘΝ ate ae} = tir? 
"eth κα ες 7 ore * "τ etl 


| 7 τὰ 
te) VPs νὴ) = VC γγη τε} τΥ [ (υ᾽εὐ΄ εὖ} $ 


» * - 
δ col area) * J ἐς (otes's εἰ) εἿ “ale ὦ (x8 +42") * 


oo 


εν 
* - a z 
% ἱ-ἰκ τς ont) ΒΡ Ἂν δ Acree , : Αἰ ὗν ἈΚ}, ταν τἷτε Jett 
ees wit dig εἰς z= ¥/y>? 
ἐκ τ pe") He ἐν 
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EXe3e2: Show that Yrv= n πως r,hence prove that 
V (ler) /r? = M/ 2? =3(Mer)e/2? 
where M is a constant vector, 
ve" — W(sfeu' at) 


ms 4 
3 ἢ (easy stl S andy σὺν τε εἶα nny ly τον od 
lef is Hees Mer Ht, 2 tha. Ls gett 49 tt, + BITS 
Vir Yr - «ΣΟ. Χ) (δ ΣᾺ V (.) 
.ς 
ΠΥ be My Lt Pt, εἴ «(5..) CBr τ ae 


Since £7 ὼ a coattant 
. eer? = Lr? stay dr x 


a ete, a Rie = τὸῦ απ Cor Servaktue 2, ae, AR = Pp Lay -- Me 


“Ὁ 2.-:-- o> 7 -“ρ-. . 
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Equations for the Fengent Plane and the Normal line to a Surface: 


Let = be the position vector to any point P(x,y,2) on the 
surface S(x,y,z)=C,where C is a constant {Then Gr =dxi +dyj+dzk 
lies in the plane tangent to the surface,at ppBut 

- 93 ς Qs = 
@s = ode 4 Ἔξ αν + 55 «8 ΞΟ | 
Ss cy ν᾿ γ ; = δκ 
ον (ὩΞ ἐς PE d+ ἘΞ Ἐ).(ἐπὲ 4591 48)- © 


4s 


LeCe | WV Sedr 210. . ; , ooe( det) 


(80 that VS is perpendicular to dr and therefore to the surface. 


if gand 3 4 are the vectors drawn respectively from 0 to 
p(x,y,2) and Q(x, 9 0.29) on the tangent plane,the equation of the 
ΕΝ. Cte τ τς 
(Σ ΣΟΥ δὶς Ξὸ ...(2.5) 
since (rer) is perpendicular to VaigeIn rectangular form this is 


Στ Felt Saiqt?- Ye) + Sf 8- Bs Ss." ἜΣ 


where S19 Ξ 2S at the point Q,and similar expressions for 
= “Ὁ Be : 
“ | 
amd Se Q 


yi@ ἌΣ 
if ris the vector drawn from 0 to any point (x,¥ 52) on the 


normal line,then (rey 9 25 collinear with YS, and so 


(L- fe), V8 2 0 020 (307) 
which in rectangular form is | 
(w= %e) - Yn) (2:59) oo ( 308) 


. BeiQ Sieg ze 


-25. 


EXe3e3:Prove that the acute angleY¥ between the. z-axis and the 


normal to the surface S(x,y,z)=0 at any voint is given by 
ited S43," + 3,° /| δ 
A unit normal to the surface S(x,y,z) is 


ἡ. VW. Bhd + Sy be Sab 
Since cos Y=} k.0}, then | 
BEC ἵ -Ἴ Δ be baf ste Sy 33 7 δε: | 


Exe3e4:Pind a unit normal te the surface Ox" +hyee52"am10 at the 
point p(3,—1,2). . 


4. vector normal to the surface is 
V Cee hye - Sat dc wl εὑ o(b νυ. soz) & 


2/26, Bs -2¢b af (3,-!,%) 

Then a unit normal to the ἀρὰ οὐ at pis 

ERE 2 τοι, Σὺ - ἐφ & = (3¢e2) 6k) /? 

2¢€ | 
Another unit normal to the surface at p is 
~(ieey ~ 6% 0 /z, 
Ex.3.5: Find the equations of the tangent plane and the normal 
Lins to the surface x ey az at the point (2,<4,5). 

let S= ny elias 0 

Then VS eb ἐδ δι bh 


«36. 


Thus the equation of the tangent plane at the noint (2,—4,5) 
becomes: | | 

A(2)C%-2) ¢ 20-6) (446) -& (R-S)e< ὦ 
or : mWYe Tas 


Also the weernne of the ‘Rormal line at the noint (2,-4,5) 


becomes: 
or eg to Oe 
i ~2 ἢ 


ic) The Directional Derivative: 
2 Ν 
Consider a space curve C and let s be the arclength to a 
point (%,7,2) measured from some given point on C,then 


T = dr /ds | 000 (509) 


2 Rd δι Ν᾿ ϑάν tangent vector to C at (x,¥,2) « 


τ re F(x,y,2) is defined at any point on the space curve, we” 


Sf ™& 
get dr 2k ae QE dy OE 
ds ~ oy ag 
o(2Ei, BEd BE). oe pie qt. be) 
ox a/de = YF.T 20 ( 3010) 


We often call a/ds the directional derivative of Τὶ at(x,y,z)alene 


Ce 


= 57 
ἜΧΩ ΞΟ: ΒΕ πὰ the directtonal derivative of Fa2xy-c at(2,-1,1) in 
| the direction toward (3,1,-1).In what direction is the 
direct“.onal derivative a maximum? What is the value of 
this maximum? 
Tet IT be the unit vector at (2,<1,1) in the direction townrd 
(3,1,-1) Then | | | 
T= (Wu+ey-2k)/3 


“he Girectional derivative 


ae. , 
τ - ΡΨ. 


Ceylwend τε εν (b42) -241/2 


σένα 4h 2)/ 8 στο at(2,-1,1). 
The directional derivative is maximum along the normal to 


i 


the surface Fs Oxy mz” 3.6. along 
Δολ κεφ.) 


as VE/ITFl se —————— 
V ox 4s by +G2*- 


=(-fr 2d -) ΥΖ αἵ (2,-1,1) 


and of magnitudes [Ὁ ἘΠ a rey νξ =x2V¥6 at(2,-1,1). 
Equations of the tangent iine and normal Ῥ lane to & Space curve: 


Consider a space curve x=f(u),yag(u),z=2h(u) If 
R= f(udi + g(u)d + h(u)k, 
then a vector tangent to the curve at point p(where usu. )is given 


by | ὧδ μιν, aR/du | ooe(3011) 


οὖϑ.. 


Then if Fs and r are the vectors drawn respectively from 0 to Ἢ 
— Q on the tangent line,we have 
MG, : 
tN τ i | aval Sete 
“(x δ Χ de (xr ©.) mT = na | 0 (3012) 
since (rer) and x are collinear. 


In rectengular form this becomes 


[»- χεοὶ (9. 39) ᾿ς (ξ-.) 
TBiCeedcs σι ce ~ Ae) Lee ubSeID) 


«Of ¢ ie the vector from 0 to any point(x,y,z) on the nornal 
plane ,it follows that (er ,), is νἰρόνθεν nae to Ti glee 
* per.) = 0 wae (3014) 
or in rectangular form 
Plus xa 4 5 (ὦ (y-¥, ) ah Cro) (2-% Oo oe (35015) 
Tite3e7:Find the equations of the tangent line and normal plane 
#o the space curve x=6 sint,y=4+ cos3t,z=2 sindt,at the 
point where t= 7 /¢. | 
Tet R= 6 sint i+ 4 coast 7 2sin5t k be the vosition vector 
of a point p on the curve .The equation of the tangent line to the 


curve at point where t= Tidis 


“--ς ΣΟ “ἐς Hf? Zzef/f? af Cail 
G/F - τε (fe -ἰο γε 


The equation of the normal plane,at the same point,is 


fe (4-6/4 es ἄμσες (VE) ~ ἊΣ (8. ε)Γ}- ὁ of tet 


= | 85. (Ὁ απ 2 2672, 


: -209- ς 


Ξν, 3.c:let R be the, distance from a fixed point A(a,b,c) to any 
point p(x,y,z) Show that YVR is a unit vector in the 
direction AP = Ἐν | 

Lb ¢ Ta and rpare the position vectors ai + bJ + cl: and 
mi + yj +zk of A and P respectively,then R= Came +b) J j+ (amc) ke, 
So that R =// (xma) “4 (yeb)* +(z=c)*.Then | ν 
πεν (χ- 3. (ν-Ὁ) “4(zes)*) = cosmbeteaninavb 
flere n~o.y%4 CY -bI% CE-C) 
=R/R is a unit vector in the direction mi 


Bx.3.9:let P be any point on an ellipse whose foci 
are at points A and B,prove that lines ATPEBP 
make equal angles with the tangent to the ellipse at P. 


Tet R,=AP and R,=BP denote vectors Ccrawn. respectively from 


2 
foci A and B to point P on the ellipse,and let Τὶ be a unit tangent 
to the ellipse at P, . 

Since an ellipse is the the locus of all points P the sum of © 
whose distances from two fixed points A and B is a constant c,it- 
fs seen that the equation of the ellipse is R,+Rj=Ce 

Since Y(R,+R,) is a normal to the ellipses hence 

V(R,4R,) TsO or YR, 91  - VRioL 

SinceY Rand V Ro are unit vectors in directions Ry and. Ro respectively, 
the cosine of the angle ‘between Ὗ Raand T 18 equal to the cosine 


ef the angle between: VR, and «τὶ hence the ‘angles themselves are 


emel.Reflection. of waves is a physical. interpretation of the examplee 
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3.3 The Divergence of 8. _Vector Field: 
let V(x,y,2) = Vji+V, j+Vzk be defined and differentiable at 


each point(x,y,z) in a certain region of space(i.e.V defines a 
differentiable Vector Field) eTnhen the divergence of ἡ weteved- 
ΝΟΥ or div V , is defined by 
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= OM , OMe .OV3 eee (3016) 
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Bx.e3e10 Given Gudx γ΄, (a) Pind ΝΟΥ flor div grad BD)» - . 
oat een ΣΝ 
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denotes the laplacian operator. 
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The equation V “as O is called Laplace's equation.It follows that 


=1/r is a solution of this equation. 
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Bx.3.13: Prove V.(r/r>) = 0 
let Καὶ = 2”? and A = rin the result of the previous example, 


then 
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A vector whose divergence is zero is sometimes called solenoidal. 
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The Eouation of Continuity: 
|’ ς Consider a fluid of density / (x,y 52,0) and velocity V(x, 4.2.8) 0) 
mvs is the representative vector of the area of the plane surface, 
then /Y.S is the mass of fluid Alowing through the surface S in 

a2 unit time. 


Take a small varallelepiped,of the fluid,having 


centre at p(x,y,z) and edges parallel to the ᾿ 
coordinate axes and having magnitude 4x, 4 y, δ 2 
reasebttvele.hen we have 
x°component of velocity v at p = ¥, , 
x component of V at centre of AFED τ. τῷ Wysapprox. 
x component of V at centre of GHC αὐ ἘΦ Bhanapproxe 
chen the volume of fluid crossing AFED per unit time =(v-t@t δ) θδε 
volume of fluid crossing GHCB per unit time= (Vy τ Bion) δὲ 
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: By the principle of conservation of matter,the total gein 
in volume per unit volume per unit time mst be equal to the 
7 _ time rate of decrease of density,1.e. 


ee αν Ubud lee 34Ὶ ee Da SPAS ἘΠ 
Upside ND " ouksize BD 2556... 
This is known , in ae as the equation of continuity. 
If there is no gain of fluid anywhere, then 
VVao ne δ ...(32.18) 
This “8 called the continuity equation for an incompressible fluid. 


The name divergence originated inthe interpretation of (3017) 6 
V oY represents the excesa of the outward over the inward flow, 
. OF the divergence of the fluid, 

If the cLVeREeRCe exists at a point ina eiutan vanes Liquid 
or gas,and is positive it expresses the rate at which fluid is 
flowing away from the point per unit volume-Hence,either the fluid 
is expanding and ite density is falling with time,or the point is 
3. source, at which fluid is entering the Tield, 

if the divergence is negative(convergerce),the fluid is 
dgktenoting and ite density Ls rising at the point,or the point 
is a negative source (a sink)},at which fluid im leaving the field. 

If the divergence La zero,the flux entering any element of 
space is exactly balanced by that leaving it.Since fimid is 
neither created nor destroyed at any point ,it is said to have 
no sources or sinks. .The fluid is incompressible (iqv3.18) eA vector 
V whose divergence Ls zero is a solenoidal fila vector(no source 


Or Sink) s 
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4). 3.4% The Curl of a Vector Field: 


Tf V(x,y,2) is a differentiable vector field heh the oma ἢ 


or rotation of VY, written Vay ,Curl Mor rot Y,is defined ty 
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Courl ἢ V =VaV fa0 jand the field-is irrotational. At each point,the 
field is normal to the curve @=const.which passes through this > 
point.The field,in) this case,is referxed to as. laminar,since ". 
clvides the reglons into layers oF alltime | 


AV Nebo y τον ἘΝ PE Savery oP | > cow if wots 4 ND=O) ny ὦὐς 5 


τοὐσςδ ἐς dae του φυσι AS ὡς pote tt ot 
bits οὐ D5] δ 6 ome ss Se Ee 


ἀξ ee ὀπὸς τοῦϑας Xo ποῖ αν = 
= Rs | 
vas men Mab-BiB Lo ed test entt’ φξαυσας θα, 


chyt mt, νοιο ΘΕ abs 
hg 5. ae Pre 


4 > 


a See 


aw ae Seer 


᾿ aia al 


78 , 2SS706 


See αν  « 


, Ps , 
a9 oo ee ‘ 
NS TOA i δ 


Fy Ε 
ὍΣ ΝΣ 
Ξ᾿ 5 τς τῷ 
os Pr oS ’ ew BAOE B Ἷ SJ 
be 
eT 
4 aay 
"ἐς ἵ : ὄ ς ea Ν - 
: a1 A τ τῶν δὰ 6 -:." ΄ = —_ Ἢ ΜΆ, 
τ = put... συν. woot os mig Yo Devwalac τέϑυπκο Ss 9950 
οἱ el eevee ἢ ees | 
: a ss etter 
Oo ὡς x 
ἢ , ‘ ~~ * 
a SP - ae χα 


=a ooSot 


——— 


x ἫΝ ᾿ς ᾽ - ¥ : - -, “Ψ 
ὀϑιοδ ΟΠ) το ἈΞ cs οαπα 55 28. ‘hb esodw V 


(ints te 


ot. G we 


Ἐχ. 7.15: Prove Wa@Al= (Φ Κλ λα, ὁ BC xed) 


Val@A) = Uo (PA i+ φής ἡ As) 


be 3 k 
σὺ X "ey De 


‘ , 2 + 
- [ἐς PAs (φρκεῖςς ad - 3.ςφ4,}}} 


2 
ΓΞ (PAL)- cont 


Be οἷα Bee Ae Ξ 
95 ἡ oe ἜΣ ὧν 
δι: δὲ... 7% Ὡς OY "οὐ 
A, Ae As A, Ae A2 
cp (rah) +  Φλ B 
Exe 3016: Prove Ya (S| δ) ὁ se grad @ = 0) 
. ῳῷ φῳῷ ‘ > > 
Va C¥Yep}=< Va ie eit ΣῈ 5) 
‘ < e 
= | 2, (tong 
Re BI DV 
=~) oP ® 
ge wy Ὅν | ᾿ 
be Ὁ φ . yey “op }κ 
= GR πὸ ir (Se - Swe e+ τοῦ" νοὶ 
vatives 


provided we assume that @ has vontinnous second partial deri 


so thet the order of aifferentiation 4 immaterial. 


--- 
ἐς ae 0 ]ς 


7... vere 


Baz J seen oe t as Ἐ : τ “ ᾿ = 0 


τ --.ἌΟ = wt ~ ae τὸ V ᾿ ΓῚ hee ἮΝ “T= 


δες Query Kor GOS oe sce meh Uuure Lew ἊΣ eee 


t 
| 


prema ty ὑπ ΜΑΣ 


=. 5:91, Sosy E avs. > WEES 
i TR Totekhe wo pee CURR ἐν δ Siva sro. οἰ ἈΠ ͵ν σθαι peice Ne Serato te 


eee OST E> μὰ ve ΘΕΟΣ eawobes &: δ" 


Εἰ τσὶ ΤΟΣ ἜΤ Ξ τ (ye 


ie 2 pur, ons 19 Ἢ δ σοϑ ἃ fan ATS eae 

Se nS Tan. pa) ees ; "7 x . ‘ 

ads, ΕΓ ΩΝ ha, ni τὰν » eaten, sates EA shall ve = fe C, τὰν 2) 
eed +h seis bY de <3 5 τ ae ; "5. καὶ 


' 


MELT ET ETE TET 


of 
| ' 
rt 
“͵ 
So. 
Ι \ 
»» 
G 
η 
“ 
ey 
> 
= 
“Ὁ. 
Ἵ 
2 
ΓῚ 
2 
i 
| 
re | 
Ἢ 
f 
ben 
e 
{ 
| 
] 
| 
᾿ 
| 
6.3 


a τ ss , . r Fy 
MIDE Tals Ὁ ἔχυσῦ 


oS ae 


- Sa ot ἘΝ Τὺ 5 he © OS ἔθ. ee 


Jo ϑᾶρῃ BLES κα 
ous ~ 


δας Οὐ anos by 
Se ATS 


Σ oa ΞῈ ly 
a Y GW = US αν + ST RY, * — RE a 
“Sea & Ct Ne ae nS Jace Loy ac) = 5 CY ary, ἜΑ lo) = 


ο ἃ 


47 = 


Bxe3017 2A vector is called irrotational if curl V =0.Find 
constants a,b,¢ 80 that 
= (xe2ysaz)i + (bx-3y~2) μ᾽ + εἰ ον eta) 
is irrotational.Show that V can be exnressed as the 
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Ex.5.20: If V = w a r,prove w = curl ¥ where w is a constant 
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bc So (Ὑ- a) ἰῷ, (wey Jn wii a. 
OO Nee τ ee oe ἔων Allows) Scan ®) SS". an - 
Slax = diay i Wia | ᾿ξ πόθο ἘΞ Ἐς 9, 5 RB “ie > 
| $8 On, oe (@ 2% 2. w aay ἝΞ Ἂς ad een 
MES BO nat 
Aq Se | <8. 29) BSS $B -5. ΤῸ ee + δ ae ee es =) 
2) 


: = TRY) uel > ase = $0 X KA) SEQ) ta 
WD YQ 2.3) -Ἡ ἃ δα DANI TCAs8, ~ as, δ Ὁ = NS BS) 


BA, δ ξεν > st) -ἰ, ὃ Ὁ ἀρ ξάῤεθενῳ παι 2 CaS). 5 RA) a 
hs SR παῖς ; a τόρ - aca 
Bae, AS Ca, . ἘΣ AP EE 
Us Ἐν 
Ὥς ἢ ht Oe δι pares. sare 
Ἂς Ἂ ὍΔ. 
ἘΝ 6, ceo -°S) ey. gue ae -᾿ ᾿ ται =p USS, γὴ Ξ 
= = ras b- Gear — Ὁ, (TRB) 
rr SAT Pay 3 
CT) VX CMS) τὰ ack UR ee SS δε - Ay ,δὉ- HB) = Ce 5C,, 6.) ae 


VY *G - Leageqa> = a ἐν Cass τῳ 5 33 WR, - ταῦ - τ. CaS, -ὧν >) 
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| Problems III-Gradient Divergence & Curl 
If O(x,y,2) = 3x“ yeyz", find ‘Vo at the point (1,-2,-1). 
Aas. (26 ~Gd— (Ck 
Prove W(F+G@)=<yF + vG,and YG)=F ¥ GG VY F where 


Fand G are differentiable scalar functions of x,y and z. 


Find a unit normal to the surface 0 62:- τις at the noint 
(2,-2,3). 

Ans.br ty #2) /3 
Find an equation for the tangent plane to the surface 
22g Beep alice at the point (1,-1,2). 

ANBe 7U=-32Y εδξκες 
Find the directional derivative of Pax yee isa” at(1,=2,=1) 
in the direction 2i-j«2k. 

Ans. 33/3 
In whet direction from the point (2,1,<1) is the directional 
derivative of fan yo? a maximum?ihat is the magmbtude of 
this maximum? 


ANS « - He ~Gutizk ? eh 


Be 
Find the angle between the surfaces x+y +44 πὸ ond 


Ὁ ν 
πτο ἐγ = at the point “ζ2..1.,2).» 
ANBe Co G= of Ad 
63 


3210: 


501718 


“52. 


If Azx 24 we δΥ 7251 exy°zk, find Vv ef, at the point(1,=-1,1). 
ANS es 3 

Given fx 3x2 = yo? ἡ dix y 42xq3y05, find VS 

2 


| 2 | 
Ans. 62+24xy~277=6y~z 


Prove VY « (A+B) =V eA + ΝΜ. 


Determine the constant a so that the vector 
Va(x+3y)i + (y=2z) J + (x+az)k is solenoidal. 
Ans. #2 
+ Asnz 74 ~ ax” yn J + 2yz ἧς, find VAA at the point(1,<1,1). 
Ans. 2$+411; 


If Asx "yi ~ 2x23 


_— 


+eyzk, find curl curl Ae 
Ans» (222) 1 
Prove Va (A+B) = Va A+Va B 


if A= 2y2i - ey ἢ “fe x2 le, B= xni+yz J axyk,and Bua2xyz° find 


ad(AoV) Bb) Ae Vo » 6)(B. 7) A, ἅ)(Δ αὙ)ἘΑΦ, e)A AY Bo 
Ans. a) oye ten εις χἣν at Ὁ) δ wy Plenty 27. Cx%y2% 
. ο) (zy εἴς χοῦς -(2 tS + atvalae (Catat_2 x y2)k 
ἀ) —(6 xl y* αἰ poe Brie CG avy ate x Ὑ δ ε(ς nye ox yesh 
ο) AAY® « (Any) > (te pane αν οἱ) 


Ve CAaB Y= B (Yao) -ϑ. (WAG) 
¥a(AaS) 2(B.V)A- ον. 8)- (".Ν}ὦ τ ACVB) 
VCAB) 2 (BUA + (AT) B+ BaCIad tAan Gas) 


Prove 


LV-VECTOR INTEGRAL THEOREMS 
a eer eee , 
Lo SunPace Int teprals: 


let S be a twoesided surface,as shown in the figure. 


let one side of S be considered arbitrarily as the 


positive side (it Sis a closed surface thie is 
talen as the outer Bide) A unit normal n to any 
point of the nositive side of S is called a 
positive or outward draem unit normaleAssociate 
with the differential of surface area ἀβ a vector 
dS whose magnitude is aS and Whone direction is 
that of n.Then 3 
6S =n as ove (451) 

| Subdivide the area 8 into M elements of areaAS δ where 
p=1 125 3400)MeChoose any point Pywithin As. Whose coordinates are 
( pT p92 y? eDefine A(x οὕ ρλ2» γε pret ας be the positive unit 
normal to as. at p.Form the sum 

Epsip δ5, 


Pai 
where J ptt is the normal component of A. at P° 


Now take the limit of this Sum ag M-reein such a way that the 
largest dimension of ΠΟ ας appreaches zero.This limit ,if it 
exists,is called the surface integral of the normal_component of 
Δ over 5 and is denoted by 


J Aena@as . 
ees ΄ 


3 


J 


Vig 


, 
a “a 
᾿ 


she 
Suppose. tat the surface s has. projection Ron the xy plane, 
The prosection of As, on the xy plane as τ 


εν πο 5] er i” ki ae 


Kx, bse 


~ sre te._| See = Wo τῆς Ὁ 


whieh te ὁαιδὶ to ray Op τς 89 that Os zz] 


ics the sum pees . 
AX, bby | 
a Bp: Lp : 
Jo Tas at oh] | 
By the. fundanentad theorem of integral caloulus the limit | = 
of. thie sum as id im @uch a manner, Sane: the oe Δ», Yn 3 
@pprench ΤΣ 48. ΣῊΝ i 
τ {πὸ Hel 2 BOs tide Ree 0006 4—2) 
2. Ἴδιδι 


Stmilasiy, for pro deatdon af the ausface on ye and sx planes 


: 44 (4.93) 


ooo (ets) 


Pompeatively. 

To) evaluate οὐδῥνών lntegeala,st is convenient to exnreaa 
them as éouble ‘ntegrals taken over the projected areafof the 
surface & om one of the coordinate planes. 


Ex.4, reomanate ff αι AendS, where As 1823, “123 - 4 yk end S$ is that 
part of the plane Sip teeGinilt which is located in the firet 


octant. 


A unit normal to any point of S 4s 


Ba terriele (924454 6n)/2 
ἔκ", 5ὲ te 


Thus , 
A. R= S/% and 4553 = (7/6) ends 


Jee 3 
Also BM: 362-364 (δ. J (2b -12x)/7 » from The ἐγ. «1... 25. 


v 
π- {fe ors ὅν ore “aff ~x)decy 


Bg evaluate a double integral over R,keop x fixed and 


integrate with respect to y from y=0 to y =(12=2x)/3;then integrate 
wth respect to x from x=0 to x=6.In this manner R is completely 


BE .5 integral becomes 
(iz-2%)/3 


(Cm 2xr oly εἰκ =’ fetid £2. al x = 24 


%=0 4¥s0 Seo 


“πῶς 


ἐπ ee αν [ Auld ews A= Ag + xj τος zis and 5 is the 
ἐς of the cylinder x ay” =16 included in the first 


octant between ΖΞ and Z=5- 


Project S on the xz plane .Note that the 


here .Then 
Ὁ 
orerre 
iv . 
A normal to ΟΣ 16 Ls Vay) 2 txietyd 


Thus the unit normal to $ is 


δῶν δ αν ὦ λοι 


Since χαἰευῖΐῖω ᾿ς. οἱ 5, 
Aids ltisxdasy ate ἘΞ δ. CRESS (ne oxy) I> 
Ard εἰαἐς 9),} 2 ϑήῳ 


Then the surface integral equals 


} -Ἔ 5 ἀκάες f fC pate ve ΩΣ 
R 7 


δε 240 


os 
= [ves δ) 6 = 70 


Zune 


57 a 


Ex.4.3:Tf Pa = 


ra. i +(x-2xe) j ~xyk, evaluate ff (Va Ὁ) ends where 


lee Sar beer 
S is the eurface of the sphere x“+y“+2°= a~ above the 
xy Plane, 


ὲ 


fia“ 
j= 


Py ὼ 2 ἢ d — 
VAF » on BS 3s sKLeyv-2t& 


J (X-2 ee) oxy 


teJact ,Zs0 
A normal to the Sphere is 


Vee εἶ): on tetgueeek 

hs Stitt εξ whey) + 2k 

a Pr ol led «Se 
V6 x Ut 4 Ge? & 


The projection of 5 


on the xy plane is the region bounded by the 
circle a γῆς οἷ ¢ 22O0.Then 


mend (VAE).a dads 
$ : | ; 


fn. af 
» [jee ots y® -2¢* anol 
“tla 
com 
eo ) = - 20° oly οἱ x 

a ε ΚΑ 

| view yt στ re 

Te evaluate the 


double integral ,transform to poler coordinates 


(719) where x= (cose, ya “20 5410 and dxdy is replaced by pa ae. 
The double integral becomes 


—_ 


a i 2( P =a") 4 qt 
συ 
soe 


Yat 
Tea pry οἱ fat? s 148 
O= εἰ 


- | (P02) b= o 
sOre 


| ae 
Exet.4:If Falxai “yj +yz]g,eveluate [ FendS,where 5 is the 
3 ᾿ 
surface of the cube bounded by x=0,x=1,y=0,y=1,2=0,Z=16 
i ᾿ 
Face DEFG,n=i,x=1.Then 
NE Bands | [fovea ison tdydes 2 


DEFE 
Face ABOU Ga coches 


] [- δ᾽ ἃ τες ) (4) ΟΝ 
oa 
Pace ADLF ,u=j,y=1.Then 


[\ teresa Fide deledee=-! 
ο ὁ 


‘Pace Ταῦ il μλφύριωνν: 
ι 


Γ. 
ff Coxrzd Jol Jaxde = © 


co © 
. Face BCDE, nae, re. eThen 


ff jerk το τσ)" pee ae 


Face “APGO,ne-ky2=0, Thon 


Ι (-y' )).(-Ε) πᾷ» ὁ 


ὡ 9 


Adding 
| Fon df= 2404¢C-Mrotryro7 
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4.2 Volume Inte eras : 


Consider a closed surface in space enclosing a volume V. 


"4 an ; we [fs ay 


are examples of volume. integrals (or space intercrals). 


Then 


Exe4.5:Let ὅπ L5x° y end let V denote the closed region bounded 
by, the planes 4xs2yer28,x=0,y=0,2<0-Evaluate ff [ OB aVe 
| ¥ 
Scubdivide the region V into inifinite number of volume elements. 


Keep" ng x and y constant,integrate from 228 to Ζεῦ ΧΩ. Next keen 
᾽ ; ra 


xX constant and integrate with respect to ye 

This amounts to addition of colums having — 
bases in the xy plane(z=0) located from where 
y=0 to where 4xe2y=5 and the integration is 
from y=0 to y=‘m2x.Finally,we add all slabs 
parallel to the yz plane,which amounts to | 


(fe 
integration from χοῦ to x=2,.The integration _ 


᾿ ᾿ 7 
can be written »-ξξ 


τ᾿ 
Yate pbb  -ῶὸ 
ae [ J ψς χὰ ἀδ dydx= | | aly (8-¢e-2g) oy of x 


ἡ 2 = 7° 


= 4&5 


2 
ἐπ (Gantz Pde “)2ζ 


%e® 


ἡ" 


i. : 


Mi 
ih ivy ᾿ Bis ve, " ΓΤ { { Ἷ 5 ; ᾿ 
| mt: AN Ma AEE an ; ᾿ {τ wit Tule 
ἐν Nes ἮΝ ἶ : MAE HUA actus puri . | PVM 
NMA ἢ χ ΠΝ [Νὶ : Hie Helsby ve | | Ay 
᾿ ἵ mt vr if ΠΝ 


Pith, \ ; ! . af 


ἱ + 


t 4 4 


᾿ 


TY bili 
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Exe4.6:let Fe2xzi “xj sy"keRvaluate | J ffs ay where V is the region 
bounded by the sutfaces χε, γε, 7x6, 20% Zale 
The region V is covered (a) by keeping x and y fixed and 
integrating from zax to ast, (b)then by 
keeping x fixed and integrating from 
| y=0 to y=6,(c)finally integrating from 
x=0 to xa2(\here 2 =x” meets a=). 


Thus the required integral is 
e: τ Ὁ 5 | 
(rxet-ad4ee) dt dydx 


y=o Feo axe 


a δὰ | z ( ,.ς a : 
πὶ | ᾿ Τ arade dy dn 5 {| [nde dodeet ]} [seedy 
| e¢ © y2 | ao ° et 


5 lee Foes 
= 1284 29d 4384 ¢ eat, 
Exe4+.7:Find the volume of the region common to the interesting 


cylinders <P 4y ca” and 40" οα΄. 


Required volumes ὃ times volume of the shown region a 
a plod [εκ a 
- ὃ f | J d2oalyoly 


BAP veo 


“ 
oe 


Zao 
a ie 
™ | "ἢ farnc aly Ax 
“τὸ §s0 | 
A 4 
- 8 | fate )είκ τ oe 4 


ze  @ 


a 
= 
<= 
= 
= 


naa 
-* 
>= 
= ~~ 
< - 
- 
τ 
ie 


= =Oc@ 


fe 


| golges edt az V Θ θεῖν Δ ἢ ἢ etaulaevaed” ὝΣ os ce ferS=e% talid.+.xG 


Pres ee 
τς 


¥ 
| eaten, xox det .C=¥.0=x ΘΒ ΣΕ, 6, va Sabrrod 


SL SS gatiasryeta! 


fi 


“ - - --- ΕΗ 3 fad - Α 4 
εἴας -aseen “x= = acted} Sex οὐ ξπ. 


- a - --" 5 - = ." . ¥ . Pry 
= = “ - ᾿ Tae Β <7 = ἕᾳ. .α as τ᾿ 2 kee 7 - ae a πὰ tee 
—-— a . —s : -- ἘΞ st = es .—— eS + B31) % ps 63 ἀ “-ὦ £4 


Ξ ees τ δῖ 
σ΄ο᾽ι Saens aa 8 ose ee Ἐφξὶ τς δεξὶ Ned 7 ᾿ 
ΓΔ CO Ze ἀπ ὃς 3) \- ὟΣ Ψ es¥ osx 


; > 
= τι. x 
Ἐν 


ae Cael ce 


τι = 
BeSi« L< —_ aes 


cto as wey 


a wher Ser hee 4 ἘΝ =o 
Dy 


Wow we Wave rel SaQae 


= Nan) = ξοξ ον YN —s ASS δα teonnkiig 


Ἢ | 
ge A Oe ἰ το 5 ας avon 


Ξ Ξ \ 
eo τότ Ὶ Ξ ~ ERM og 
ἘΞ EX, ws Sows Κ᾽ τ Cos ΕἸ Ξε Ὁ Ὁ τ al εἰς 
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τὸς 


'+,3 Gauss Divergence Theorem: | 
"If V is the volume bounded by a closed surface S and A is 


a vectod function of position,with continuous derivatives, then 


the surfece integral of the noomal component of A taken over 
the closed surface S is equal to the integral of the divergence 
of ἃ taken over the volume enclosed by the surface, Tete 


ΠΣ signi: [[fvos ἂν 000 (46) 


where gp is the positive(outward drawn) nomil to 5S "ο 


Proof: 


Let S ve a closed surface which is such that any Line parallel 


to the coordinate axes cuts 5 in at most two points. 
Assume the equations of the lower and upper portions 
S, and 8, to be asf, (x,y) and a=fo(x,y) respectively. | 
Denote the projections of the surface on the xy plane 
by R.Consider 


aR (fT aoe 
| ORs OAS secdudice I! | ww 
{333 οἱ εν ἐκ ἢ wade jade 
Hf “as Beng) 
Vv / 


oe 


Fe 
Φ ἥαμ ων ξ) : dy dz “jin (x ,3, ξ,}- Ay (ai, A) dy di 
᾿ 4 


For the upper portion S,,dydx= cos yx ΕΒ 5]fet, ΔΒ; since the normal 
noto S, makes an angle Yo with keFor the Lover portion Sas 
dydx==cos ¥ ,dS,=-ken.dS, since the normal n,to 5, makes an obtuse 


angle ¥ ,with Js. 
pe [Pacem h )edy οἷα 5 ffs kets 68s 
a Sa 


Jaron dy ἐκ | oats of 8, 


“62 - 


and asap yf agen fn ka, AS, + a ees 
fut a dS 
[3 »- [5955 a . 
OF : κα 
ν 


Similarly, by projecting 5 on the other coordinate pianos, 


" 36. ἐν Ὁ ΓΝ» dy ar 
gee 3 jae dg ( δ) 
yee OA) J 86: t +2) hai that eAr hd ads | 


ge 4) dv - κα Aen dg 


The theorem can be oxtended to surfaces which are such that 


so that 


Adding. 


ΟΡ 


lines parallel to the coordinate axes meo% them in more than two points. 
Exe te 7nvatuate ff Fen d,where [= Leni, οὗ Ἵ eyzjz; and S is the euriace 
ef the cube bounded by x=0,x%=1,y20,y=1 ΓΟ χ 


Ny the divergence theorem, the required integral is equal to 


ἢ (wee MY” {{{ξ πὴ tage? "rSe(ver] dv 


Sia Ἵν ἐξ dy ἀπ 


% 2 ὦ 


. ΠΣ τεῖν}} dyde [ [ torerdydne ve 


Su? Yow OM cu? 559 


~63= 
Ex.4+,3:Verify the divergence theorem for A= = ict, πὸ. d +2 ἐκ talcen 


over the region bounded by x+y" =t,Z=0 and 2=36 


Volume = sxtrete ff ne * Se sie 


δ ge 
5} ὡ 5.25) de dyds « ὃς Κ΄ 


wm, δ) 5 = yx #=a06 


The surface S of the cylinder consists of a base 84(z=0),the 


top S.(z=3) and the convex portion S.5(x°4y" at) Then 
Surface integral= Jfaeds~ [4.249 + ff a-ads rl] 8.9 ἐξ, 
3 Ι ΞΔ es 


Js 


On B,(t20), ns ke ΣΕ ὃ ἀφὰ- ον VAL © 
| : [85 ds τὸ ὦ 

On 85 (8.2), ane Bebe -ν Ve Ae 

, ff ands,- 4. κ᾽, since S067 


Cay 


So 
On Ss (αἰ εν πα 4}. 


Lz V53 /[%S,) a Seine g KAT Od plat. Pave % 
xe ey — A 


> AQ» (yee — eek). (mAtze). εν ον 


From the figure, <i itind »92 2809 ,o 5. α ~lOd & ΝΜ δ 
a 


oy ade 


Then the surface integral =0+367 +43f =047 ,agreeing with 
the volume integral and verifying the divergence theoreme 
Note thet evaluation of the surface interral over 35 could 


also have been.done by projection on the xz or yz coordinate planeSe 


«ὁ... 


Definition of the Divergence: 
Let div A denote the divergence of a vector field at a point De 


Be the mean-value theorem for integrals, the right side of(4.6) can 


aia we OV 


where div A is some she intermediate between the maximm and 


be written 


mimimum of div A throughout &V,then 
Ageds 


= bv 


div A 


Taking the limit as AV, Ο such that ἢ is always interior to AV, 


div A approaches the value of div A ab point p;hence 


4 | 3.2 ols 
diva ea ἂν oat te?) 
Physically,div Δ represents the flux or net outflow per unit 
volume of the vector A from the surface & S.Tet Asvelocity ΝΜ at 
any point of a moving fluid.Volume of fluid crossing ὧδ in At Bec. 
=volume contained in cylinder of base 6S and slant height yh τ, 
s(y@t)on cS =ven dS At. 
Then, volusie per sec, of fluid crossing CS=ven δ 
Totel volume ner sec. of fluid emerging from closed surface 55: [χιβάο 
From (877%), Vey ἂν is the volume per sec, of fluid omerging Τροία 
a volume element aV.The total volume per sece of Ζιυλὰ emerging 


from all volume elements is. = {fs ev ἂν 


Thus aay . [ifr al 
| jy : v ty 


a ee 
Gauss 'Theoren: 
Jet S be a elouia portland and Aare Genote the position vector 
of any point (x,y,z) measured from an origin 0.Then 
pe es ag ΤῊ BE Je εἷ O , if O lies outside 5 
4, if oO 1168 inside ὃ 
“«.(ἰὕ:. Ὁ) 


Proof: By the divergence theorem 
3 ν 
J 8 fds [feceiry de SS ie Sa 


® Dut ¥V ox/r? =Q (hae. 30 3) Mage within V provided rZO in V, 


λιθ. provided 0 is outside of V and thus outside of $.Then 
If ag de = © 
2) ΤῈ Ois inside 8 ,surround O by a small ephere s of radius ε. 


let T denote the region bounded by S and #.Then by the divergence 


theorem 
yes saci ae! ot gee ea de ΡΣ Ο 
Se3 = S+3 S28 Is 


since r4O in ae 
Der J Ark as 
pos .-}}ΞΞ 
Now on a Ae so that δε, EME, tr.) fat. . PatenYo* = —) 
Ὧν} g i‘ Aree δ Cun) 
a re J : ro μὰς ἀν - μων. δ᾽. oa 4: ἀξ 


Let τς hike ie =< element of surface fe and connect 


all pointe on the boundary of aS to O,thereby forming ¥ 
a coneelet dO be the area of that portion of a sphere εἰς Ὁ 
; — Yr 


with O as centre and radius r which is cut out by thia 


cone.let n be the positive unit normal to as,thon 
20. = +(ne2)/r aS.The solid angle subtended by. dS at 0 is defined as 
= ΔΩ /v anor) /r? as oce (49) 
aa ( 


and is numerically equal to the area of that ‘portion of a sphere 


with centre 0 and unit radius cut out by the conee 
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πὴ σὰ myer 1th ας» (eee ΕΣ γι ὃς" ᾿ mt ‘os eee = j 

- { . 


νι = aes pe 
ecdat mesa ct) TNE TSI ΠΡ Δ ΡΥ ΤΡ ae Saute 
ΐ Paths $4 ug Byes ΩΣ εἶ jerssee? ‘n> t i? : ure t : “ = 
; ‘ 2 ; ae, ἊΝ vy ; j “ ὙΠ ων ic bie 
τὴν * Ww] ΒΝ mn TAT ever r af at er at | ν τι Wis 5 Ἵ 
r ᾿ ὶ aha) ᾿ 4 eda 4, ᾿ 7 . mage i ‘ PAA nif 7 φὸ δα ἡ, ἐν) 
Sd Mere ἐπε τα yee fdr li mye =) og ote ate wit wweetAsa : ear ' ihe ἐν - " ll she — 


tite as Δ ane ani 
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Green's Identities: 


First identity: 
[f[lov+ve. ve] dve fern) dS ee Go 


second Ldektaty: 


J] Bev vv ] ἐν » Stern WV). ἐξ sma 


Proof: let A " of Yr in the divergence theorem, then 


| ἥν Covw)dve ff pve ads = |{(prw).dg 
he, | Cs S 


But V-(PVay le PCV Ww) + VP). (Yas OVW 4 VP. TH 


ai {Ὁ νῦν εἴν φ. Ὁ} ave [{{2 9). cs 
= 
ὐδδνζαΣς <p and # 
I [ven Wea). (ep )] dv - J (ψ Yep). 43 ο΄ (νὰ) 
Subtracting (11) from (i) ,we have 
SII Covi - Vey dv ᾿ ἤν»- NTP), ἐφ (δῷ 


Th the proof we have assumed that G ond # are scalar functions 


of position with continuous derivatives of the second order at least. 


Heat paueks on 3 ; 
If the temperature at any point baal of a solid at time Ὁ 


is U(x,y,z,t) and if K, fend c are ‘imine dtitive Sy the thermal 
conductivity,density and specific heat of the solid,acsumed constant, 
then his ye ek νυ : 000 (4612) 

where k=K/ Pc : 

Proof: Let V be an arbitrary volume lying witltin the solid,and let 

= denote its surface.The total flux of heat across S,or the quantity 


ef heat Ycaving S ner unit time ,is 


" (kyu). ads 


~67— 
Thus the quantity of heat entering S per unit tine is 


fftever2ds « ἤ ¥ (Pu) οἷν τὸ 
5 γ 


by the divergence theorem.The heat contained in a volume V is given 


‘ Qin Ce 
ω oy cane Nd JJ ἡ ἢ U ἐν NY, Ce U J V clean <stes 
mn ( — μι fa = te τ 


Then the time rate of inceeaail of μϑαξ is SPe Gc \eok 


ἐς [15 ὺ εἶν - {22 ν “Wyce We Gn 


Equating the’ poses hand Sides of (i) and ἃ ig 


and since Vis arbitrary,the integrand,assumed continuous,mst be 


Ce: 


identically zero so that 
| ou 
ς = Ye ) 
L se WK VS 
or if KyCy are constants 
ἐν. = ἜΣ VV «-ΚΥῸ 
The quantity ins called the diffusivity For Bteady-state heat flow | 


(eur) 


(Lee. QE =0),or U is independent of time , the equation reduces to 


leplace's equation V“Us0, » 


Related Integral Tacnéibeos = | | 
es) owa(4te13) 
ΠΝ [Π πὴ. fon ae 


Proof; ta the divergence re b=ywhere C is a constant 


ee: -19: ads 
Since 


σ᾿ (φο)ε VOC 2 2. Ve ὦ 06.4 = OC Pa), 


vector .Then 


~6 B= 


Talcing C outside the integrals, 


° Lf ve av = 0 Jeses 


ν 
and since C is an arbitrary εἰὐεῦοθεν vector, 


: JJ vee - ἴρει se A ae: 
ar fff ever Je aS) lS Se ere 


Zroof: 
dn the divergence theorem, let A=B a Q,where & is a constant vector. 


aie J Ve(Bal) aly s [reas )» α οἶδ΄ 


ν 
Gince Ve (Bas) = g. (VAS) % (Oaght = B-CGan) (Ona. B= C.(gaZ) 


» fs (FB) de 75: Cangas 
‘elcing C outside the integrals, | 


9. {fv-8)avs ¢ ὁ ‘fe ng) as’ 


and “n c te an arbitrary cobatnt. vector, 


τ PJongyav. J} CaaS)dy 


(11:19 At 
any ΠΝ IEE ds’ 
he Vo = Poa : 000 (4615) 


BRVaro AV 
fa: Id (2 aA)dg | 
Yall = . 00 (4416) 


~~  Avateg ἂν 


where AV is the volume enclosed by the surface AG,and the limit is 
obtained by shrinking AY to the point Ὁ» 
Proof: From(4.13), 


“Ὁ 
ON fff veadve Jf φοιὲ οἷν 
“ ἋΣ 


.- φο--Ὁ 
= 


4 
. 


nets 


55 Ὁ 


RS At Ee ἘΞ Se Δ" 
Vents 


r- paws 5. τε dint Yeitd gating’ 


Νὰ ei 


by yt eecere.: τ ΘΕ ¥ ci bas 
decd of oten : vyilsostasst 


Far OTS A ee ἌΣ κοὸ 


ol 


Fe zs 5 
set ew) 2@el) 


ottaupe etecatgat 


oN 


Zz aoe ϑρβάθοῦοο 5 at ὃ exe, Neh tel, metoeds soneatov—/ 


~69- 


Using the same principle employed in deriving (4.7),we have 


5) Ι pa-t ds’ 
oP 5- δρόμον 


δἂν 


Where Vo-t is some value intermediate between the maximum and 


mnimimm of ¥Y@-t throughout AV,.Taking the limit as 4 V—» 0 in 


such a way that Ὁ is always interior toaV, W¢-& approaches the value 


Ἢ ee. dg ω 


γἯἷφ.:- AV-ro AV 


Similarly we find [9.2 AR ong εἰ ay 
To. ὁ» Vere av 
Multiplying (i), (ii), (iii) by i,j,k respectively,and adding,using 
VO = (VP-b) b+ WH.45) ὁ (VOB 
aR = (οὐ) + (e.d)d + (2-2)k 
the result (4,15) follows. 
Using the same argument,we get,fron (4.14) 
(4.4).¢dg¢ 
ὩΣ A 
end similar resulta with j and k replacing i.!Multiplying by 1,j.% 
and adding,the result (4.16) follows. 
The results obtained(4.15) and (4.16) can be taken as starting 


points for definition of gradient and curl respectivelye 


WV on ξος i oSe 
ὡ ΝΥ τὰ ἢ 


ὮΝ -» Ὁ Q&S 
interral Operator Form for ἢ ἢ 
: ! 0e0 (4.17) 
Yo = 
ἂγ., Ὁ A 


where o indicates a dot product, cross | product or dvdindry y product. 


If ὁ is the dot product,then for a vector A 


Yo = Je do ffte-e | eee (4610) 
AS | 
cA ee Sai gid . 
or οἷν As Amo τ΄ ds As dé. zl A aay 


established in (4,7), 
Similarly if o 15 the cross product 


Cul Az Bars i Ὁ nA oo (4.19) 


“2.2 ἐπ ah) 5 


established in (4,16), 
Also if o is ordinary multiplication,then for δι scalar g 


Ve op — Bf δα, Ἐν εἰς Φ >) 
cool te20) 


or : aa vas fleas 
BER ὡς ες .ο OV 


established in (4,15), 


«71. 
ἐς 4 Green's Theorem in the Plane: 
Er Ξ is a closed region of the xy plane bounded by δι sinmle 
Closed curve C and if Mand N are continuous functions of x and y 


having continuous derivatives in R,then Se 


ας -- φλάρη wy » Sore ap dey eee (4,27) 


where C is traversed in ε Ἢ positive (countercioclariae) direction! 
Proof: let C be a closed curve which has the property 
that any straight line parallel to the coordinate AXes& 


cuts C in at most two points. let the equations of the 
curves AEB and AFD be yal, (x) and ¥=Y5 (x) respectively. 


If R is the region bounded by C,we have 


fs ΐ, Mew) 
aE dedys SES of a aes Jrensaf vee" ie front 


ΔῸΣ 


ἘΦ Srennste =f nernrden~ ἔσαν 
Then - | ᾧ γέ; J dmdy 


Similarly let the equations of curves EAP and MEF be χε, Cy) 


and x=X, (y) respectively. then β 
¢ 
ΠΝ Ἢ [ é “Rd Jey [Τνσωνν μουν] 


wr (9) 


Ε 
- [νων + [νὰ = $ ney 
- e ewe. 


Then φ Moly - ff a of αὶ oy 
| . fi | 


Adding (i) ana (24), 


Pete ναί} » for- 2 γα εἰν 


The above-mentioned proof of Green's theorem in the plane can 


be extended to the curves C for which lines parallel to the coordinate 


9 


axes may cut C in more than two points. 
Consider a closed curve C such as shown 
sn the figure,in which lines parallel to the 
axes may meet C in more than two, points By 
constructing line ST the region is divided 


into two regions Ry and R, for wich Green's 


theorem applieS,iecte 


\ Ndx andy = + J Geo Bods (δ, 


ςγυ 9 
[παρὰ JQ Beds Ὁ 
SsvVTS . os 


Adding the left hand sides of (i) and (ii) ,we have omitting the 


integrand Mdx+Ndy in each case, 


{-Ε ἘΠ feta 
Srus s¥rs Sr Tes svT +s Tus svr USVT 


using the fact that 
a TS 
Adding the right hand sides of (1) and (44) omitting the integrand, 


where R consists of regions Ry and Ro.Then 
fm 
J Hew peoly = U8 sf eu: Aw oly and the theorem is provede 
TUSVT | | 

rt a dal waich any closed curve lying in it can be 
continuously shrunk to a point without leaving R,is called 8 
simply-connected reglone.A region which is not simply-connected is 
called miltiply-connected.We have shown that Green's theorem in 


the plane applies to simply=-connected regions pounded by closed 


curves - 


<7 3= 


Ex.4.9:Verify Green's theorem in the plane for J 
$ tases! bel x + x oly 


where C is the closed curve of the region bounded by 


y=x and yeas 
y=x and yon intersect at (0,0) and (1,1). 
Along y=x*, the line intesral equals 
SL Tone be atid ae (x (tzr)dx= ΟΣ 29 
λίοης y=x from (1,1) to (0,0) the liztie integral equals 
Stemre ide ex'd % » Situs -- 
Then the required line Litenral « (%o~ 1 «=~ 'f20 


JG Bo lel x (2. after lero 


Jim anden ἢ [cones dao 


“απὸ ψαλὶ 


Ξ chia ; ἘΞ : 
= {tj (x-r1y dg] on - fervor] = 
δ “Ὁ % 
; | ae 
- | GtP ydae- feo 
ὥ 


so that the theorem is verified. 

Exe4+.10:Show that the area bounded by a simple closec curve C is 
given by ἐς plwely .yolx),Hence find the area of the ieee 
x28 COSG,y=b sind. : 

In Green's theorem, put Many ,Nex.Then 


ae τσοὶ») “}π|8ο-- ἐς] dacy = ΟΝ 2 2A 


where A is the recuired area,Thus Ax J. φ (x Ay - dx) 
For the ellipse ,area= if κείῳ . ΜοίχΞ Ε}Ὁ (ο.8.,...8) 


= rab 


«7}}.- 


Exe4e11:Evaluate g (y=sinx) dx + cosx dy,where C is the triangle 
of vertices(0,0),(%2,0) and ( W/t ,1);using Green's theorem 


in the plane, 4 


M=y=sinx, N=cosx, oe zegin x, 2H =f end 
φ( εν μα)" .- ΘΔ - ἘΠ )οίμοίν = Lote τς. 


he ἀκ β : 
Lf Lf (256 κεν ] "ἐν | | (ἢ) * 
72 ἘΣ 


ΤΥ ΠΣ -£-% 


[3] 


Green 's Theorem in Space; " 
Since M dx + N dy sA.dr = A.(dr/ds)de τῶι: ds, 


where T= unit tangent vector to C,then 

: <= — iN Y= 
Mdx +N ay = A.(k A n)ds, Tks : 
where n is the outward drawn unit normal to 54:55 2 => Ὁ - ae | 


Since A=Mi+Nj, B=A, Je=(M+NJ) a keli-Mj and( ὃν - at = Ὁ 98 Ξ NS 
ee ee δα (ἘΣ τ oy Ὁ 5. > 


Then Green's theorem in the plane becomes 4 
| ῴ = , Δ) οἱ 5. (4,22 
B.A og erg o (4, ee 


where GRadxdy , δὸς RRS) τ Ὁ AV) day 


Generalization of this to the case whore the differential τ arc 
length as of a closed curve C is replaced by the differential of 
surface e area as of a ohosed ε surface Bs and the corresponding plane 
region R enclosed by © ig replaced by the volume V enclosed by S, 


Leads to Gauss 'divergence παν Ὡς or Green's theorem in space 


Ἵ (8.4) ἐδ = [τὲ ἐν mane, 


=, )) Nee slaieie fx 


feds = ΝΎ Ye ἀπο ς Mas.2&. S: De is ® 
᾿Ξ Ss eh a OS =. A. Wn) cS. 9. 

— Sis 5 6) - - ὦ 1 (KA AD - Ὁ CA KK) =) 
= OR ee ὁ τς ae εἰς © 

Se eee ὍΣ = x — τϑῆς mans Doubre wm tegrd over 
= -- e Ves - ἜΣ) ὅν 45 Ξε 

ἃ γὙιΞ αἷς ἧς 5 — Ξξει — = Wi δὰ 

τς ττς -ἀς δ : | 
Oa TS τ Ὸ τρις 


“πα σαΝς δ σο“- 


ἐπ εξός.. = CaS, a ay Ss ee δ ᾿: = = snd Sts Seed 
___ sa ware = C359, Ὁ ele tay ye συ νυ Ν *5,2)) 


Independence of the Path:? 

Let M(x,y) and N(x,y) be continuous and have continuous partial 
derivatives at each point of & simply connected region R.Then 
"A necessary and sufficient condition that (ματα) =O around 
every closed path C in R is that O9N/Ox= oM/Ddy identigally in R",. 
Eroof :Sufficiency. Suppose? N/2 χα @M/2 y-Then by Green's theorem, 


ὁ μάν poly . Jar -% - BE) da dy = 0 

where R is the region bounded by C. 
Necessity Suppose ᾧ (MaxeNay) =Q around every closed path C in R 
end thet @N/axft @M/92 y at some point of ReIn ‘particulier sueaeene 
2/2 y- ON/S x> O at the point (x 51%) ° 

By hypotheses . ge and ἘΣ are continuous in R,s0 that 
there mist be some al Ἔ containing(x.,y,) as an interior point 
for which (24-20) 0,1f! 16 the boundary of τ᾽ ,then by Greenta theorem 
@ ti riely = sex - ἘΠ) dady «-ο 
contradicting the hypothesis that ᾧ μακ "μὰν ΞΟ for all closed 


curves in R.Thhs [- - ἘΜ cannot be positive. 
OY ὁ» 
c 2 ey ὧν tiv 
Similarly we cen show that, fd. ἀν) cannot be negative, 
and it follows that it must be identically zero,Lee. Be = ἘΣ 


identically in Re 
Tf A(=Mi+Nj) denotes the force field acting on a particle,then 


$ Aedy is the work done in moving the particle around a closed 
path C and is determined by the value of VA AeIt follows in particular 
that if Va AsO or equivalently if A= W,then the integral around 

5. closed path is zero.This amounts to saying that the work done 
in moving the particle from δῷ point in the plane to another is 
independent of the path in the plane joining the points ar that 


the force field is conservativ 


.7γ6.- 


: 2,8) 
Ex.4.12:Evaluate f (10x ae ) dx ~3x 25° dy along the path 5p bee 
(2,9) 


A direct evaluation is difficult. However,noting that 


ΟΡ Ἢ 


Με lox .5).χ "3 ,Αἰαοἢ χ ν᾽ and QM -- bry s UY 
it follows that the integral is independent of the natheThen we 
can use any path,for example the path consisting of straight line 
segments from (0,0) to (2,0) and then from (2,0) to(2,1). 

Along the straight line path Pron (0,0) t0(2,0) ,y=0,dy=0 and 
the integral equals | 
J lox? dx = ἔφ 


Alomg the nee line path from(2,0) to(2,1),x=2,dx=0 and 


the integral equals ,! : 
J —l2y* εἰν a= ly 
a& 


Then the required value of the line integral =64=4.60. 
Another Method: 


Since at ἘΝ » (iow. aney “yd -3x'y'dy is an exact differential 


of (23° ἘΞ εν ).Then 7 
(2,9) (2,1) (2,1) 
Clon 2x9? den 52: σ ᾽να {deer ~% 9") 295. oy? = 60 
(o, 6) (9, 9) (9,0) 


In this. example, let ha(10x*-2xy7 )4 - 3x ey JeSince tue line 
integral Hee is indevendent of the path,it follows that the 
16,9) : 


integral around any closed path is zero,then YAA=0.Therefore 


A= VY @,where Ba (2x oxy”) ie called the potential of Ae 


a7) = 


445 Stoles "Theorem: 

"TJ? S is an onpen,two-sided ewtice bounded by a closed,non= 
intersecting curve C(simple closed curve) , ang if A has continuous 
derivatives, the line integral of the tangential component of the 
vector A taken around C is equal to the surface integral of the 


normal component of the curl of A taken over S,lebe 


9 ade [ἐς eae vee Ὁ 


where C is traversed in the positive direction." - 
Proof . Let S be a surface which is such that its projection on the 
xy,y2 and xz planes are regions bounded voy simple closed CUrVeS . 
Assume S to have representation gal (x,y) or x=e(y,z) |” eS 
or y=h(x,z),where f,g,h are eingle-valued, continuous 

and differentiable functions. 


Consider first | \ fun (ab. ads 


3 
Since . , y 
Va (Ανὰ) = | ᾿Ξ Ε Ξ Ἐπ) - Pek - 1» {ἐν 
ἡ ἃ Ξ 
ae ὋΞ 2 
Ry 6 Ο 
Then [Ya (A,é)}on ἀξ ( SE 2 n.J - CAtah\ as ci 


If a=f(x,y) is taken as τὰς πω δὴν of &,then the position 
vector to any point of 5 15 ye mtg yd pokes cht yd oe PCeR 
so that Be τὰ ae ke ad oe κ 
But ΞΞ is a vector tangent to 5 and thus perneadiculnr to 2,50 that 
bch Betieds. se eww 
Substitute in (1) te obtain 
(38.6.2) - 8.8. Ca ie} CM tee DE tn sk) - BAL (a+b) 45 


or 


᾿ Η͂ Ὁ 
Fon (Aiy]-a 4: . τ (28 BE ΞΕ χε) ἐς ἘΠ 
Tow on S 8,(5,»,2) = A, (»,9, Fx») 
ad F(x,9) 
hence QA 2422 . BE 


Oy δ 8 ὋΣ ἕῳ. 
and (11) becomes 


[vaC4 £)] adda ΕΝ ask) ἀξ: ΕΣ dx ay: 
Then 


It Αι lon as = mks dx oly 
$s 


where R is the projection of S on the xy plane. | 
By Green's theorem for the plane the last integral equals 
Fds where f° ie the boundary of R.Since at each point (x,y) of P 
She value of F is the same as the value of A, at each point (x,y,z) 


of C,and since dx is the same for both curves,we must have 


4 κἀκ τ bade 
r ve 
ΘΝ ον “τ: 9 Ay A 
6 
$ 


Similarly,by projections on the other coordinate planes, 


τι [Va (ρ. 9.7.9 des φ πιεῖν 
[πον dvs φ A, ἐξ 


Thus ἐν addition 


[fcona).n dts δ 9.4: 


a? Que 


Bxe4.13:Verity Stokes 'theorem for A=(2xay)3 “y2"j ~y" zk, where S 
is the upper half surface of the Sphere ΠΕ ΘΕ ΞΡ and 
C is its boundary, 
‘The boundary C of 5 is a circle in the xy plane of radius one 
_ and centre at the origin. let x=cos t, y= Sin t4z=0, OS 5. < 27 


be parametric equation: of C,.Then 


φ 2.4, φ φ (tx-yydx~y2'dly _ να οἷς 
ς ς 


- Ἰδὼν. Sc. t ) (Stn ft) dtat 


| Also _ ὶ 


Vaa 2 3 3 


a 
epee SS. 
ax OF St 


255) (~¥2") Cay} 


 }| Ὁ 5: {πὸ dst = fares 


since (n.k)dSsdxdy and Ἔ is the nodal of S on the xy plane. 


= δ 
Then 


This last interral equals 


’ ts finn 
binas Jf dude τὰ 3 dz wll 
be Yon ἤτον» 


and St eye Aol: is verified. 


“80. 
wei ae ‘Verify Stokes ‘theorem in the ss tinct case — 
Asx +(2z=x)j +y “Ke, and let C be the circle x° +y an pZale 
The parametric equations of the curve C are 
x=2 cos ὃς ia 2 Sin t,and z=1,then 
$e drs . [τ ἀνε κι (1.8 Cha f ) (ἐς. ἐ)} ἀξ mem YH 


The curve C bounds any number of surfaces, 


for example the portion of the paraboliod bie sxe ἘΣ 


beneath the plane 2=1.Since on this surface 


Lart+ v2 τ att) ty 


SS 
Ty = Wap = et Hk * Lye tye -Bi-Loek 
| (va). df - ak Wal) (Yen ty) dedy 
ἣν [ (29-2 )(m#le)e {Ἴ de εἰ «}-- 1} dady 
je Lees = CoB 50D ἘΑΈΡΊΛΥΕΞ wc 


Definition of unt Ont: 
If & 5 38 a surface bounded by a simple closed curve C,p is 
any voint of A S not on C and nis δ unit normal το S at p,then 
φ Δ. or 
ΣΝ 


where the limit is taken in such a way thatA 5 shrinks to Pe 


et Ὁ 


Proof: By Stokes 'theorem 


οὔλας, εἰ 8 - 9 Aude 
s 


Using the mean value theorem for por, oe can be written 


@lp.- ade 


e~ ; 
and the reowired result follows upon talcing the limit as OS—» 0. 


| Irrotational Field Vector: 5 

"A necessary and sufficient condition that φλιὰν =O for 
every closed curve C is that Va A=0 identically," 

Sufficiency.Suppose Ya A=0.Then by Stokes 'theoren 

φ 4 oly + fiero). az- Oo 

SST το. § Aedr=0 around every closed path C,and 
assume γδλζο at some point p.Then Sons Va A is continuous there 
will be a region with Ὁ as an interior point, where Va A4O0let 5 
be @ surface contained in this region whose normal n at each point 
has the same direction as VAA,icee YaAA=oln where αἱ is a positive 


constant .Let C be the boundary of S.Then by Stokes'theoren 


bade {τ 8γ.. ds « α [nerds > ὁ 
Φ τ $ 


‘which contradicts the hypothesis that δ Aedr=0 and shows that 
, Va A=0. : | 

Tt follows that Va AzO is 0 a necessary and sufficient 
condition for a line integral ΜΞ to be independent of the path | 
joining points P, and Pooh vector field having this property is 
called an irrotational field vector. 
Sec io ecoceniies the vector field Peéxyl nope ) P| state sans has 
everywhere the property thatyn F=0.Obtain the eovent1ot. function 


O(x,y,z) euch that V GaP . 
C¥,9,2 > 


Plwy,e)2 | aryde elem dye Ξε 4 


(20,0) 
taken along any ‘convenient path between the end points.In particular 


& rectangular p..th can be used, say along Ca,the straigut line 


from (0,0,0) to (x,0,0) then along C5,the straight line fron 


.»ὅ2ωω 


(χ,0,0) to (x,y,0), and finally along C, the straight line from 
(xyy,0) to (χ,γ,2). | 


Therefore, ἐπ᾿ 
F. ars O+ C42) 9 $2° 


( ,6,0) 
This function(or this plus any arbitrary constant) is the desired 


potential function.It can also be obtained by partial integration 


faryde μι xy ¢ &l9,%) = $(%,¥,2 ) 
fcorstrdga οτος ehactad 2 = PCx,¥,%) 
f 3etee z? +R, 0%, y,2) = PC%,¥,2)- 


In order that these all be the same function Z,it is apparent 


that ὦ must be 
Ply 8)» eye yr Bee 


The line integral between any two points is independent of the path, 


in this case.For example 2(0,-1,1)4 B(1,0,2)=141=8= -5. 


paras 2 eve  4e25) 


Proof: ‘Tn secadliibitiaiin oak A=Ba C,where αὶ is a constant vector, 


ἴσας ᾧ dr. gas» fl gatgasd}.a ds 
ᾧς: cient) file We - εἴν. 8}7.6 ds 
ς. ὥς {fie ..}8].ο49- fits ( 87.249 


. {fe δῶν ΔῊ 45- - ff In vero? 2 
- ζ. - ο: ελγω 5} 45: «| Ι CaaN)a® 


Related Integral Identity:” 
| ff λυ λ)λῷ dS 


ὌΝ 


42 


ae 


466 
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Problems :IV Vector Integral Theorems 
2 
‘Find the surface integral of the vector A a(x + dk, taken 


over the area which is enclosed by the curves y=x and γεχ΄. 
Ans. 3/35 
Find the surface integral of the field vector 
A= χυτὰ +(y+x) J +(y+z) lc, 
taken over the surface of a cube of side equal to one. 
Ans .9/% 
:Calculate the total normal flux of the vector rexi+yj+zk, 
across the closed surfaces of the cube of side 1 parallel 
to the coordinate axes. 
Ange3l° 
:sDeduce the total normal flux of payux'd + axy?3 +xy2°k,across 
the closed sides of a cube of side 1 parallel to the 
coordinate AXES « | 
Ans & 3° /4 | 
sEveluate the trivle integral { {cx ay2on”) dxdydaz,where R. 28 


the 3=dimensional region bounded by x+y+z=a(a > 0) ,x=0,y=0 


Ans 8° /20 
‘rind the volume of the region R bounded by the poraboli.c 
cylinder a alex™ and the planes χα, εο, γπό and 2:ὸς 


AnBe 32 ae 


«δὲ... 


4.7 


‘Verify the divergence theorem for A= (Qe) dec Yierz 


Oy 


taken over the rerion bounded by x=0,x=1,y=0,y=1,2=0,451. 


4.8 :Tvaluate [ (xz-ayae δ (x“yaz) adzax + (2rysy"2) dxdy) , where 


S is the entire surface of the hemispherical region bounded 


bys ἢ Mee 


and z2=0,by using the divergence theorem. 
ae 
> AnsSe2 ἢ a 75 
4.9 Verify Green's theorem in the plane for the snecial case 
As(x?mxy)d + (x7ay?) ὦ ana C is the boundary of the surface 


S enclosed between the curves yex* and y=2x, 


Anse 


‘Verify Green's theorem in the plane for the vector function 


Fexy"i + (x"4y) 5 where S is the regign bounded by the line 


x+y=1 and the coordinate axes, 


4.17 :Verify Stokes'theorem for A = 3yi -xzj + ya", where S is 


the surface of the paraboloid 2anx+y™ dounded by z=2 and 


C is ite boundary, 


4.12 :Prove that Ps (2xz746y)4 + (6x=2yz) J οἷς (5χ 2. my") i is a 


conservative force field.Hence evaluate { F.dr where C 


is any path from (1,<1,1)to (2,1,=1). 
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V~ CURVILINEAR COORDINATES 
Lasers? δας ον τῷ 


©) Ῥ-.Ἴ Orthogonal Curviliear Coordinates: 


v4 Let the rectangular coordinates (x,y,z) of tate be .᾿ 
exp:-essed as functions of (αν Ua Uz) BO that , | 
ax (Uy Us yz) ; VaY(Uy (5.02) ‘ κταία; γαρ ts) - o¢e(5o1) 

ae that (5.1) can be solved for UqetogUz in terns of X9¥22s 
Le@e - sU4 (47,2) ε ἀρτα, (χ,7,2) 9 Ugatts(x,7,2) ore (502) 
The Ses in (5,1) and (5.2) are assumed to be single-valued 

and to have continuous derivatives 50 that the correspondence 
between (x,y,z) and (iq Up gts) is unique. 

ii) Given a point » with rectangular coordinates Cope we can, 
from (502) associate a unique set of coordinates (u,,Us,uz) cadled 
the curvilinear coordinates of p.The sets of equations (5.1) ος 


(5.2) define a transformation of coordinates, {2 


The surfaces ἀπο. pUasC> να τες Where 
ογνθρνος are constants,are called coordinate 
surfaces and each pair of these surfaces 

wersect in curves called coordinate curves 
or lines,If the coordinate surfaces intersect 
at right 2 angles the curvilinear coordiviate svt ta called orthogonal. 


The Ὁ, 2. and Us coordinate curves of a curvilineor system are 


analogous to the x,y,and z Coordinate axes of ἃ rectangular system, 


Ww 


ὦ Unit Vestore in Curvilinear Systems: 


tet rexityjezk be the position vector of a point p.Then (5.1) 
san be written PRE (ας ἀρ Ug) A tangent vector to the Ὁ) curye at p 


tor which U5 and Uz @re constants) is oa, em & unit tangent 


rector in this direction 3 is Gs PENSE! sO that ἐς eins hy Sy where 4 aloe 


| ΓΟ Cher τεὸς ΞΟ ες τες τ τὴ 
Εἴ Nak C=, ee 3 = 
BS QR = Cx, Sy cs Sia ὁ ἀξ > SOW 7 425) »2. (ὦ. SY, ὦ 


ra ; ——— = - —_ = —— οϑα = eS ge Se aig - Ξ τς aT 
ae ν΄ «αν Sen > =, p= #2 Tor me Totes He Ls) = (Ἂς τ, Ἐν > 
= ; 
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NS eZ 1 τ ΣῚ δ ΟΥ5 ΘῈ, 45 Oy 2: ἔξ δ 
Ἐξθ εξ. Υ oS LSP PS eas Ψ΄. 5 τὸ Pee nity = . 
== κῶς 2 UF == = ᾿ 
Ε = smesopee eaten =o LS οἰθτρτέαυ τϑξθοῦ Bag Θεη θα. = 5 τό 
a\Sa 4S, seh . Wee αὶ συ, Ἐν 
Ξ = | A -ι, (xy) ) ot? s = 
3 ι:5 tefose ts 25 Ὁ ΕΑΓ 655. πὶ Setusas S Bese eee = 


poste ots 46 Peebaved 5539 SD AON ἐπὶ Ge Row ὁ δέν eS 
σι τος ς Quan c νου. 


— 5 elk 2 : Ξ a Ce UM ) 
ἘΞΞ:. pF : 2m ef τ ἐς | 
-ς = ΒΝ - ὡς —_— — τ τος — Ξο ἘΞ 5 = —— 


« -Ἕ πα ΞΡ 
“οἰ. ὅδ, a 
“ὦ - 


at 


ΠΥ Sete Maqui ad 
= =enit aa ef Seinvod Nat SP ets ἂν 5 sistw ἐς x) + = RE oS 


xy} SS τ χοὸς εἶ Κλ δ.-ς send oe se de wa tthe ad = Seo \ Ie 


ΜᾺ CovriS ιν. Vs 
[πε 


io — ὡς - - 
Phe : >. 5% =: 
7 ὧν = Σ a —— 


i 
ξ 
; 
Ϊ 
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Comite porns Welk Us Note 5 ei BCC) 
= ~ SS te ee = tire te oS 
ἄπ SK Cs A) “Pay Ὁ \ i aw 


ted 


τ ἄν ways δ τοφοθοὺς hagixcresicy) pet Besos: 
| Cog } ὅ ᾿ 
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= = = Coord: wakt 


- . 
= τ “τ΄ 
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a A 
ὩΣ ὦ 


Nerve We wos the Coot din de Cots -- 25. Chea τος." 


:- . Ὡ-- “-- ὧν τς —_- 
fave 2558 - 


Se ess 


+» 


- 


“ὃ LOR AL 4} eS τι Tone τυ eo 
= -- aes = { STB, ας ’ 
2 , -- Ι -Ξ| -“ππὶππ---- --- -..;΄--: 


\\ (> γί ay ds) Νὰ 


= SS τς οἷος -Ὦ Vecto¥_ Sons Ek Os —— WA 


__Cesrdincte Gare ος ἅτ _ iS y2, 3_ = 


86. ᾿ 


_ =Simtlarly,if ς; asta are unit tangent vectors = Ke and 
ἐς curves at Ὁ respectively, then” ou = he eu" and 55. pa, hs & 
where hs =f ! %hzs | = ae | “she “quantities ae Ξ ἊΣ are 
called scale factos. he. ee ‘yectora ey Ps » E ere in the i 
directions of increasing “uy stpytg Feepectvedy: : Ἧς ᾿ 
Oy Since γα; is a vector at Ῥ normal to the surface ἀητοῦ = unit 

water in this atrection te given by 3,= WH 4 ΝΩ͂Ν ‘jSimtlarly, ἢ 
the unit vectors Eo= Vu; { γώ! es vang nd Bo=Vus/1 1Vual at pare re | 
normal to the surfaces Uneee ὁ and. ἄρτος. reapeotively« e ὃ 

“- Thus at each point Ὁ of 8. curviliear system there ‘oxist 2428 

Ε general, two sets of unit vectors, 21182125 tongen’ to the ‘coordinate 


curves and 5 Be E98 ,Ez normal to the. coordinate surfaces, The Bets 


beta: identical Ἢ and, only 1 the ourvilinesr | the ἐξ: 


. coordinate’ system is orthogonal.Both sets are Ὁ 
analogous to the i, ios unit vectors in rectangular. 
coordinates but are unlike then in that Shey may 


change ivection from point to point +” ae ee yi 
{yer 


A ‘vector A can be represented in terms of the?! ‘Gs : : Ss 


unit base vectors £4192 2983 or E, 22155 in the form 


αὐ Asai th ez AZ ἐς Ἢ ἐν φ(σ.5) 
3 «α,ξιτα, Bees ἘΣ. ᾿ς φο6(5.}Ὁ 


where ha yhoyAs and & 417018 are the respective components of A in 


each systen,. 


‘ 
fi 
: ι 
i 
I 
πὴ Υ 
": 
— 
Ν 
ι 
͵ 
νι. 4 
Ϊ } ; 
ἢ ‘i 
Δ { ' 
' Ἷ 
᾿ ι 
ieee 
“ ἡ ( 
Ὶ 
ἰ AY 
} 
ῃῇ ” ‘ 
᾿ } ! ἢ 
: 
nee «verb (tn Ἀμμ φέγ hii bad ogte belie) Yad ἐάντε οὐ apd δὴ γμ ρῶν “ Is» ασφμάλαφράδς ΤΊ ‘ , : Ali ὦ ν 
ΠΝ δὰ she ΝΠ et by lod pid cto wlll by A ΤΥ hi ee | γε νας ἡ ὼν pH y 7 ‘ ‘ ' / mh Oty « a 
ne yy ἐ er ἐ i Ϊ ; Ἷ ᾿ ΕἾ Ἢ 
ΜΝ i ᾿ πὰ Uy ᾿ ΠΝ Ail ida ‘ ; ΠῚ Ν ὴ ἮΝ 
Pie ! Tidy 
wand Wipfriek hy bad} : i at) μα δὰ ον oT ae 
PO Vie di SN iT } I ἢ 
ΠῚ 
i) ἢ | 


4) 


2 τὰ ᾽ . ᾿ 
bite τς at Tope MaRS; Somme 
om an fie tae ca a τ 
. +2 Faire Sol 
- uh FT) αν ἢ 


503 Arc length and Volume Elemente: pois Same a 
> . : Ee ot: Pee irs 


Oo Prom ta ) we have Ἐπ 
ers τ ξ OL ἢ ὙΕΤῸΣ WS OP a en ¢ 
"εν eed bb, ΖΞ, hue + Sate sige ὡς nae > ats Vote aL en 
= h dure, + ae ez 1 h; oluz ὃ; | "0 05.5).. 


Then the differential of arc Length ds is meiciccame οὐδ Ὲ 


from as“ =dr.dr.For orthogonal systems, 


Si-E2% G2.C3 2 €3°2,2 © 
dea hvolut ¢ hrdud + hy daz 


cH) Along a Us~ACUrVEe pV, ἝΝ Us are constants so that | 
dr=h 4244 e, eThen the differential of arc length Cs, τ : 
along Ὁ, at pis h, du. Similarly the differential = 
erc lengths along us and. Us at Ὁ are d3,« hy oldy ds, = hous 1 


The area elements are given by 


dA = {Che clu, Crd A Cagelug 2) = ena ietina duz (ας, Rs τὶ ἘΣ 
Sw hyhg dadus τ HBO 
Since jes a @3/= [9η1 =1. Similarly. 
dA, chyhg cu, dug | a (507) 2 
GA, os hy hy fay dae ooo (508), | . 


ΩΣ The volume element for an orthogonal curvilinear ‘coordinate 
systen * 4s given by | ge eo: 
av = hyhihy dupdugduzg ~ es, ἐδ. δ᾽ 


since “24° fe, A @2)=1. aie -- 
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(>>. 5.4 The: Jacobian of Transformation: 


Ec. (5.9) can be written as 


QV =] (dy o) haat £2) 4 Cha des 229) ] 


Toy ao Ν Say) du, “Az 


2.6% ,3, Ὁ) Ax, duzdus 
“(ας ρθε) 


γσϑδς Tewthy.pz w we i - 5.10 
) (4), 42,%3) (4, "ἐς 43) οἱ 2 Lh, 3 ( 9) 


where 
is called the Jacobian of the transformation. 


Tf the Jacobian equals zero identically then 
er 3F {UE | 
«ὉὉ : Gd eke 4 yy ᾿ Hug 
ON . 
ss are coplanar vectors and the curvilinear coordinate transformation 
breaks cown,i.e there is a relation between X,¥,% having the form 
PGs, y¥,2)=0 identically.We shall therefore require the Jacobian to 


| be different from ZELOe = 


= » | oe a re 
Hince Cha Dees uy - Ἂς: a ἀπ a ς << 
; ‘ @* . OY pe i ς Re ᾿ξ 
ψω. (Tura υ 2) = ὃν, Ove Que]. Fp sey ἫΝ 
> # Oy Oe JG so, Ἐ 000 (5017) 
ou, 93 Φυ2 
“o* “Oy é 
Then — 
FOr ΟΣ AL γ1} que(suzav en} = f +00 (5012) 
LO oo ag ae : ( < a 
or ¢ one - 
ΤΊ. ", δ)3 ἀν M2, Ma se woo (5013) 
σί μέ, γς )" 3 ) I¢ ¥,¥, 2 ja! Ξ- 


j 
UE ET ag 
j 
Ν» 
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a2 δὲ & - : Ε 


ἘΞ: --- ΟΥ̓ 5 αςς θα. χγωκθξογνοκοδκιος, νας πὐεξ  νεῖξ. νος. dash ed. trode RAMSA 
ε΄ -ς- απ εν Veo... Sy CN, ne ge ee ο 
| S/S Ses Ss ΞΞ 


pos Se BUA Sea 
Sa 
rE 
“3% 


mp ΘΙ - ON ON Se Gt 
SWUM GAY WS le SZ 


- >a — a Πρ ρᾷὔϑὑ---΄----ς.-:--. - 3 


J Ce ee ee or) WTB APY SHG ok TVA 
> SS SSS SSS - == fee ἀξ - Guete Sag = 
a ds. y BR 
—— 5 -- = =< ΓΝ -, Here χὰ: = SS ed \\ 


_t-e. Ling tit _ - “α΄ ὟΝ 


-89—= 
Exs5e1:if u qrtots are general coordinates, show that 


ot θα. ΣΝ % Vu, , Vue » Ves 
Quy Qe, 1943 


are reciprocal systems of vectorse 


4 Pst 


4 Pet 


We must show that = ie εἷς 
where Ὁ and q can have any 


of the values 1,2 4.2. 
ὃ ἋΓ εἰν _ 
We have cos sade, + Say dus Eee 3» : 


Multiply by Vu Then oe 
- 
συν Ὁ aM, = (Wie om oY Jeni (γώ, δῷ or ae bal oe 


ar 
) Vet, ? De =: Se = » νυ, « ad © 


or Vote Sh. ad 
Similarly,upon multiplying by Yu, and. Tus" ,the remaining relations 
are proved. 


Bx.5.2:Show that the square of the =cut of arc length in general 


curva Linear κοὰξ “Ἢ ‘can be expressed dy . 
: Ὁ ἐν εἶμι, dug = S 


We have 


duz+ Os dus 
VW dus= Θιι a 
crs ἘΞΞ οἷα ων Πα “43 


ad, op She 


Then 1s ἡ β 
cigte dade = οὐ ον πὶ «θυ Ga 


— : 
4 Ay Me uy 4 αν οι M2 


du, due + Bir Oly Oy Aus 


εἶμι Ὡς οἰποίω, ous 


αν pe “ of Me uz dus 
» an 4 chy + 23 
= ols. Os ous | > bh yy δ 


ofa 


2 Z 2 4 dup Me ω βάλε, Spq* οὐρ 
Pst Gai 
; This is called the fundanental quadratic form or metric form. 
Xd ‘The quantities Bpq are called metric < coefficients and are symmetric, 


hee ΟἿΣ δρᾳ "ον Ῥέαν then the coordinate system is orthogonal, 


: Spq*Fop 
, in this case 


2 oe 4° 
Bq 4h, » S292 + 6355 


Ἔν τς ὅς a Ξ εἴς 
As glk ore. CM, vis i ade aby dus fs) 
3 


— wu 


a > =e ἘΠ πε πεν νετε.- 


aS ἜΘ. οἱ a -Επτας = => = Agden. dug See re a= 


. A SF Re φευχ το Gorm 


Ex.5e3:1If F(x,y,u,v)=0 and G(x,y,u,v)=0, find Ὁ αν το... 
- Phe two equations in general define the dependent variables 
Ὁ δὰ v as (impltdtt) fences ions of the Satepetecs variables x διὰ 
y-Using the subscrivt notation, we have Σ are. = 
dF = SF xix + Ὲ ἂν + Fidn + Pyav =0 (3) 
AG = ὁ ἀχ + Gdy.+ Gdn + Gav ο΄ a? Se 


Aiso,since u and v ere functions of x and a9 oe 


du πὰ ὃς + uiay (131) and ἂν = τ ἄχ αν ἂν 120) 
Substituting (iii) -ané (iv) in (4) ema (44) yielas = 
dfs (Grid + & ν dese (Fyre % dyno ὦ Ὁ 
εἰς τίᾳ, + Gudzt Gorey Jed zy (τῶ rt Gy % Jay = =o (vi) 


Since x and y are independent, the coefficients of dx and 


γῶν --- 
---ὄ.-.-... —_— — 


ἂν in (v) and (vi) are zerosHencé we ‘obtain τ 
Fe Ure FS Op oe Fz 7 (vii) & Fuego oy Fak 1 Cviit) _ 
Guti¢sg Gy oye Gy } Guy +. Cu + Gs 
Solving (vit) end (viii) gives :- τς | ὲ 


“ον Qu [πᾶ Yo Rm Fe | (Ὁ) 7 λ(Ὸ, 4) 
eee oy =e DCX wv) δίων 
-Gy Ge 19. Ge. 
ou “Fy / Fu Fe Q1F,G) ὁ CFG) 
ut - —=— = [3 re oreo 
ὅτις d (yw “Daye) 
Ws OL a(F,cG) OC FG) 
= OLY, Mw} e{u,o) 
ΞΕ ae OCE,G) J: 205,6) 
διτοΣτ, δὼ) 4 δία, λει Ὁ : a(F,G} 
The functional determinant Cx Qo ΓΤ by Sart or 


ay (—— i "1: is the Jacobian of F and G with senek to uw and v and is 
sae osed £0, | 
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5,4 anaitent Divera ence,Curl & Taplacian ‘in Ortho nal Coordinates: 
Gradient : 


¥ ὥ =f oe + eee 4. £385 where 3: asters to be determined. 
- of Or oxy | 
ἃς = 35 du, + οἷν, «ὩΣ, tug 
Lo εἰμ, + h, Ez ol, + hfs Cele 
We have | : 
dl P= VP- dr - h, clu, + hz δε dur rhe, Aug | ae 
But εἰ Px Bae chy OSE μος τ δῶσ | (ὦ) 
ERouating (1) and (44), PER ES mS - i - -Ὑ 
| OP ii; 2% = ce 
dey Qu, ? he om ? Fs hy, OMS 
Then 
€. oF 3 2 | 
oS “Ar OM, ti oat a ἜΣ Oxy ¢00(5e14) 
This indicates the operator equivalence 
| 2 22.4 St τ θεν - et Ce 
_— = Dey τ ne Oe baa ΩΣ ΤΣ = ἐπὶ δ “0 15) 
which beduces to the usual expression for the operator Ν᾽ in 
rectangular coordinates, 
Let g = Ln (5.14%) .Lhen 
: : | τς 
ψω͵," ee % }yu,l = teh /h, = Ih, = τοὶ Noh = = % \ ae 
Similarly | | 
να «ὦ Ὑ Ἰνώ σης 


Then Yusa Yug = E24 £3 


ae a 
hah, haba 


dS) = hy hg CVu2a Ta? ) 
Similarly 


G2 shah, (Va, a yu,)  & €3 x hy he CQu,a Vue) ° 


coe (5016) 


= Vata γε. = lee TES Ee 5 ----------ς--- 
pore VY Oe pi ee —agike - ak Ἃ ϑαμένξει 


ἔτ Ἐπ; aS 
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Divergence: 
πὸ κὸν : ὌΡΕΙ BP os. 
7 oA 131) Be (Ach, hs Vus α ὦ.) .from σον Ὁ ὩΣ 
= “νι μι), (Yuen Tus) - Ayhs hy aCe alee 
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“Uh as em iy, 
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This can be written | 
he, ξέν hes } | 


Yaa κα - a. sa, J ivrahs) ...(6,.18) 


TE ee ee ree ee ee me 


A,h, Aghe Azhs 


Taviacian: 
From (5,14) ‘ “ 
wv 2 οὐ a 33 OX 
nade &. aa ae Bia Ty DM 
If A = VA , then : 


Ms Mes ἀν δὲ, Ee τ 
Then 
V-A = vv = yy 


Ξ ΝΣ τι hz Thr aa an Fe) BORE 2 2s hi Be 


(6.49) 


Eas. (551 4) “ὦ ot?) (5.18) and(5,19) reduce to = usual expressions 


in rectangular coordinates if we replace (μὴ tg 9%) by (x,y¥_2) ἀπ 
whieh CASE C4 4265 428. Ore replaced by i,3,k and hashoshy=1. 


5.5:Specdal Curviliness Coordinates: 7 
Sie; <a » 


Cylindrical Coordinates ( 49,2): 


Transformation equations: | 


x= feaS ga psind, Fa zB ...(5.20) 


where A350 , OSOSt7 , -o<z<0 


Scale factors: hye! shz=/f » 25 | 


| i 
Element of arc length: dg’: οἱ fr. pide dz .. ὯΖ 
Jacobian: δὃ(τ,",Ὲ} τὰ ἃ ...(5.21) 
Ὅτ 6,8, 7 7 


Element of volume: οἷ για. pd pddde 


᾿ “94 . 
| Note that corresponding results can be obtained for polar 
coordinates in the plane by omitting 3 Cependence, while the 
element of volume is replaced by the element of area,dA - Δ af dQ. 
The position vectcr of any point in cylindrical coordinates 
is Y= veeyse Zk = PCO i+ pried a+ 2k | 
The tangent vectors to the fo and 2 curves are given respectively 


by 3 
᾿ . - ᾿ ὲ 4 . ere: 
The unit vectors in: these directions are 


er feof 
: = Ce rt So & 3 
Si ΝΥΝ = Cod be 


= arf Θ᾽ eu Su Oi4U08 
[οχ  υϑὶ 


‘and SO 64905528 es are mitually perpendicular and the coordinate system 


is orthogonale | ; 
Also,for cylindrical coordinates (ps8), 


“4,3 f , uz2 9 »Ug2B 


v2 pled Gp)+3 δ (ρος ὃ. (Asp 1] 
We = pe Cade ὃ. ριρῆτ LS pcad~ Beale PLA FO 


V¢ sy (PB y« 2 ole 2S )+s (pal 


| she erical Coordinates tr 0, ): 


Troensformation equations: 


MEVSnOGSP δεν SLOSeN seyerd. 
where r2o , OSES, of0<27 
Scale factors hye I, hazy hp = vs Ὁ 


Element of length: ds*sdy*, 0" eitoda” ae 
ements of arc πρὶ 2 ver +r οὐ τ (5.25) 


Jacobian: “15,3, y sen O 
r,0,a) 


Element of volume: εἰν = ftsmuO@dr dd οἱ “ὖ' 


Here μα Vo, Use2 O , tga “ἢ 
Then 
Vv ἘΞ 4, Ὁ, δε Ὁ fie 2 εξ 
Τ᾿ τ or Yr @ 5: ty) 
Ws = : oo | S$ Θ ΩΝ A v) 
NB = aR arsn0) + 3 carsnele 2 (ard) 


Ss Paral pater? -π ες Ξ-[Ξω- κε, 


: ἐν $312 ener ΑΘ 
2 φ 
᾿ “tall Ὡς ΣΥΝ es 3H) 


Bice5. As Express the velocity ¥ and acceleration a of ἃ particle 
in eylindrical coordinates, | 
In rectangular coordinates the position vector patented, 
and the velovity and acceleration vectors: are 


Y = dye κὶ εὐδεοδμ ῳν az ἐς. eh 43 d¢2Bh 
Ἔ τε ν = olf 


“— 
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In cylindrical ccordinates 
γε x¥Leyseeks (P6289) (la OL) -- Se O ,)- 
t(PsivO) (SD 29 + Cac OS) + Ze, 
Then ae 3. +2Es | 


| - Sie th Sr p oh Pt Se A Si+ pOee + 38; 
Tihs Si again, : 


az dir + τ ἦς + P6Li+5€5). 


~~ - @&t* 
Since : 
| -S. "αἷς, = 4CO8ie 2.03) ¥ ee «96 θὲ κε 2.0 @ 9} 
qa | 
Then 
é dés = se 
=f ON Te aac 
Thus ‘ee 


Q=up of ἜΣ; rr + Oke tO τ ἔξς 


or α -( - 3") ει + (P6426) e, + 3 


Exe5 e5:Using Gauss divergence theorem evaluate 

Se 4: + ley ε “ideda + Cxgeyerdedy] 
where S is the entire surface of the hemispherical region bounded 
by 2s ες =x" ny” and βυδιοδα ον to spherical coordinates for the 


evaluation, 


the integral can be written as é i AeGS »Wwhere 


As κε ἐς (χυ. 55) ἐζελ ιν Perk 
chen by the divergence theorem,the integral equals 


SJv dis fe ey 2) ἐν 

Lut the evaluation,although possible, is tedious.It is easier to use 
| Svherical coordinates Since = Bay νεῖ, ἢ ane the volume sae is 
r“sin Odr d@ dw ,the int egral is- 


Th Bs | 
a fr r "84 8 dle » dodo sade: 
Moo θεὸ rze 
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Ex.5.5: Evaluate f ἌΝ dxdy, where R 48 the region in the xy~ 
plane bounded by x 4y at and x+y" 29% 
‘The presence of x*ay® Suggests the use of polar coordinates 
( ‘te 9) where xs f Ga δ, ὼ»ν ν ρει ὃ “Under this trenstoraation 
3 he region R is mapped into the region Ri, , 
Since 


DEY ) 
Φ(,,8) 


ἀξ follows that δεν | 7 
Ne fey" dade [ x+y? tol pds | p.pted® 
Αἱ 


Sy 
ἊΝ fi pede » 20 
| Hse 22 
Ex.5.7:Find the volume of the region above the: xy plane bounded 


by the paraboloid segtint and the cylinder x Payee a 8. ὁ 


The volume is found by using cylindrical 


coordinates.In these coordinates the equations 
for the paraboloid and the cylinder are respect vely 
: a= p' and » =a,Then 


Required volume 


ae [καρ ; or pss 


Ose ῥ- ῷ Bee 


Ἢ * [ppd Te οἵ 
Os fae 
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566 Géerieral Coordinates: 

Let A be a given vector defined with reepect to two general 
curvilinear coordinate systems (14 stp 9tts) and (v, »γ5.90) Suppose 
that the transformation equations froma rectangular(x,y,z) systen 
to each of the two systems are given by 


j Hs HCAs γα) =, Ys 5, (MyMr, 2) > Ὁ. ἢ (ες qe) 


l Hs ἃ, Ve, VZ) 5 Y= dy, 97,5) > Tata (σ᾽, 72,73) sae s 
Then there exists a transformation directly from the Cu, pUo 4.11) 


to the (νοι v3) defined by SS 
the My CVn Og) o Kes ἂς CM Or Gh) Ug a greeny oo = 


and conversely.From (1) = 
| drs ἘΞ du, + 2 due Ze dug Oy dure dh dus + as¢ Jo (5024) 
= wy DA2 


SE du, + Se dis Α͂ι dw, + far άσι . Δ $73 


dys ΞΞ Ασ, -. ὍΣ 
=" Fe 


On 
= «oe 
at i τε an das Αι dv, ¢ Aa εἶν, 4 Δ. des, ( ited 
From(it) ᾿ | | 

ς dns Be ἐν Se at a es ag 
| εἰμ, = oS εἰσ, + γε μὴ ΞΕ ἘΞ daly .οο(5.25) 
L du, 3 = dy, τ ΡΟΣ lus «ἘΞ des 


Substituting into ἀξιῶ and equating coefficients of ἄν, «ἀν, φἄν- 


on both δλᾶθδβ,ν find fi a oy, os b + Se Ξε +% 23 Oe 


ae ay an ols = © “3 - 
“ΝΕ Β ἐ85“--ὰ er Se ὁ ὁ 
: Quy en of, DE 
tre 1 eg, a oe 8 i 
lo ὁ Aes Su E 


} Oo Re 
MfFarcte | = 
£9) Oinedt A. Contravariant Vector : 


Now A can be expreased in the two coordinate systems as 


Lee, - Cz M2 + Cz0l, = ©, fie Epa fr (5.26) 


where Ὁ εὐ) .ῦ. and ὃ, ae are the contravariant components of Ae, 


2mR 
an 


= 


sa 


peas 
aul 


SP 


Bee) 


τὰ 


ἐλ 
Ἢ: 


ΥΩ 
ἢ Av 
ir, 


yee 


in i 


rea pM | | ΣΩ͂Ν Keds 
piel ΙΝ, Wires ἘΝ Δ sh Duin Mt bcs WA 
"“ ἈρΗ) ᾿ 4 : Tee Δ Ley ᾿ δ ᾿ 


i 


Substituting (iv) into (5946) 


C, Ayp Ce feet s 2s Os oN mos 


ae Cae ry UL. a. 
| +( ‘ Ἢ as ar = C9 ) Οἱ, 
+ { 3. ΟΣ Ὡ Duy 
v; ὡς aut oo, ) Ss 
es ub Sie ᾿ 
ς,: C, 2 + Oe CaaS So: + Cs so oe (5.27) 
GC, 3 - ΕΞ ς, δ: +C cone 
’ ae Qos 
ou ae δ, 
tse ἜΝ 
popup ἃ ποὺς 4 O MEE. , Pelee 
Cpy= Cy Vv; τῷ t ὃς > ὃ 3 τς τὴν Fists 28) 
or oy a) ἘΞ 
ἶ 7 ν ἀρ, ,", ffx) 2,3 
Ces = = Cy ὃ Fs Zs 
var : 


ooo 15629) 


Sintlarly, by interchanging the ccoordinates we .see that 


ee ae 
| P Ἢ 'ᾳ- oe = i Fel,2,4 


Tf three quentities Casares of ἃ coordinate systen(U, Xz >%4) 
are related to three other quantities Ὁ, ΟΣ of anothes 
csoordinate system (¥ 


a1VoiVs ) by the transformation equatt ons, 


(9.57), (8.28).,(5.29) oF (5.30) ,thea the So tcecaaaiaaaia are called 
ws Ἐς : 
com onents 


τς 1 


of a contravarieant vec 


of the first ranks 


eee or | edutraveriant 


censor 


A Covariant Vector 9 


if we express A in the form 


A = G Va, te ς, ας cy Vs 25 Yu, τό Ver, εὖ, Ys 


Now since v p= pi Past) with p=1 as 


ὃ»  QVe Wh Be Dis  2UE Quy 
> x Qu, 2% “ἢ Bje Quy 9% 
ο» weak ἢ Be , QP 9.1 
ag ὦν 95 eis Ὁ ΦῬΑΣ, ΘΖ 
ove - Wp oa, ὧν Bee aor. aes 
ὧ τος τἀν σΨ' τ δ ν ΠΥ 

᾿Λᾶδο, 


; fa μι «2 
C, Vu, τῶ Vea +Cz ας = S ox ot 


and 


Ce, eC, Ye at Vo: τ᾽ ΓΕ 


| Equating coefficients ος 


028 ραν, κο θα. 
‘or; τὸ SS 
co Oty Pa Ὁ ὅς το, O42 
‘aa. Sa. Se 


ὁ Duy OX. go Dus _ 3G 
‘oa *% er 4 we 


x 


“(oe as 


ς OM ra Q ke 


τ, ΦΦΦ (5.31) 


πὲ 
eae us δῷ 


ec wet 
=* e ok 


Lode - τας, Ἐπ Se 
rs av; a 94% FD V3 
- sas Oe? Cc wees — 
SS ὑέος, ahacgeaene ie 
eS Sees 
ἷ- ἔ : aS yous ΠΩ oy a : οὐ | 
- Ov; A "ὦ σ᾽ 
δὲ is, 3 ς wa 
ee ar EERE ?> δ ye τ 
; ἔς So BR 4 ᾿ 
ne ¥, Sens 3 


Substituting nquelaaieel. Ἔν 


and neatine coefficients of ΚΟ 


De ads 5 oo 


ah : ᾿ @% ae) 


of the above eqs. 


« ee ee) ‘ 
“at ba “este Se. A = Pick’. 
Og Bt wr oo % 


"ὦ § Oe. 


asthe two systems Cu 155. 5:5) end (ν ΤῊΡΕ των. 
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we find 
"τῶν; = OV, Qu 
) δα τὸν + % DM, 
ae Ὁ ΟῚ — cS. : | ; y. 
ς = ¢ seems e 2 3, by on : Ge RS 
t 4 Qe + S< aust Cs ὍΣ ...(9.3232) 


8. OM ~s Oi oa 
ῷ 5 c, pup ~ Cy δὼ» tT Ss Ὁ» | 35. ?,£,3 
or κε Ξ 
“Ὁ ΞΕ τὰ 
Spy Φ aa 3 Pel,2,3 coe (Se dt) 
Y 2 2p ῤ 7 aut 


% | 
δ, - ay ae j Pal,2,3 : 
Ys) ὃς» | vee (5035). 


If three quantities an of a coordinate system(us νὰ, 15) 
are related to three other quantities τὶ 82185 of another coordinate 
syaten ἀν αὐ.) by the transformation ‘oquations(5.33), (5234) or 


_—-—— or 


(5.35), then the Guantitkhes are called components of @ covariant 


et we . ΠΡ 4 (=o aw ww 


vector or a covariant tensor of the first rank. 
(On tke other hand,e veotor field ἃ 49. called on inveriant if 
: Δία, stg) GWG κυρ νος δον» et tranefornation between coordinates 


In generalizing the concepts in the above section to higher~ 


dinensional spaces end in generalizing the concent of vector,we 


are led to tensor analysis. 


547 Tensor Fields: | 
In three atnensiional Space, a point is a set of three numbers, 
ἜΘΥΕΝ C feet) (r,9,4 ).A point in N ‘dimensional apace i 
vy analogy, eset of N numbers denoted by (at νιον δῆ ζρε 
(x A svéereieo and (%" ez Freee be coordinates of a point in 
two different frames of reference.The equations of transformation 
from one frame to another are given by Ξ 
he oh (Ὁ 1B mn πὴ : ἘΣ 
xt whine, ey | +0 0(5 036) 
or ? aS ' =. Se 
If N quantities A’ μϑι να in a coordinate system (321 9 5004") 
are related to N other quantities τι 1: ed in another coordinate 
system (X 1 2c aM by the eeansfornatdion equations 


Ν <P q 
: A. Cay) ofe , es 
Gai age =e 


which by the summation convention can simply be written as 
of Ξ 2 x Αἵ = Ἢ : 
ee °° (537) 

they are called components of a contravariant vector or contrayerinn. 


οΤ 


tensor of the firat rank or first order. 
Similarly ita oe 


: » κῃ ee, a 
Ap = ar | see ae oe 1 (5038) 


are called components of a covariant vector or covariant tensor 
of the first rank or first order. a 

re to each point of a region in Υ διουρίσακα, ¢ Space there 
corresponds δ. definite tensor, we - say that 8. tensor fLelc has been 
eefined.This is a vector fLeld or 8. scalar eiela according as tie 


tensor is of rane ome or ZAL0° 
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δι 8 πῆρ ine Element & Metric Tensor: | 
In rectangular coordinates (x,y,z) the differential of arc 
length ds is defined as 
| do 2 dx + dy*y dz" 


By transforming to general curvilinear coordinates we nave 


drs ἘΣ. du, +26 OF ast oe duz = οἱ dat da deat Ol, dug 


Then 
ds*s ἐς, dr= οἷν Ay du; + Of, ethan mihi ἘΞ 


+ Sra Be clue da, τρί Bac e, + alr Og Medes 


4 οἱ, chy dugl-t Ss saad Op. ofy clad, 


: > 3 , te 
a ds* = Ζ 5 ὥρα ol up οἴη 00065029) 


Such spaces se called three dimensional Euclidean spaces and Eq. (5059) 
is ἀπε the fustanstal quadratic form or metric form. The quantities 
δρᾳ Fe called metric coefficients and are symmetric,i0e. ee 
Pe" Bon olf Sng =O, péq,then the coordinate ayeten. 38 orthogonal. 
In this case 5,424 Goo «δ je5qehte Ὁ 
in N cimensional space, the metric form is written as 
ds 2 pe dar da’ o'e'e (5040) 

using the summation convention. - | 

In the special case where there ee Β 8. transformation of 
coordinates from κ᾿ to x euch that the ‘metixio form is transformed 
into 5: 
(12 Yr CE ba ae BMY oe dz dl 


then the space is called N dimensionel Euclidean space. 
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In the ΒΌΠΕΡΑΣ case however, the space is called Riemannian. 
The quantities ἝΞ are the ididetenta of a covariant tensor of 


rank two called the metric tensor or fundamental tensor.In matrix 


S22 ~-~ χὰ 


Sey δ 
β Ne Je το One 


form .the hetric tensor can be written /% Us. - a 


and g¢ is its determinant, 


—= — ma © 


D9 Geodesices: | = 
The distance a between two ges t, & & te on 8. curve δ ee (4) 


ina Riemannian space isa given by 


| ° ..(5 041) 
GB ae ft 


That curve = ah spece ere makes the distance a minimum is called 


& geocesic of the space, 
by the use of the calculus: of variation, the geodesics are found 


from the differential equation 


: ΞῈΞ οἷ 
ἐπ πὶ ἀκτῇ, det. acta 
i= oie = 
where s is the are length, 
9 
The symbols Tear] = (Se. — --ἘΞῚ 

% Sy Z 

feat ἃ "ὃ beter mas οὐ 05...5) 


are called the Christoffel cyabis: bf the tiret and second kind 


respectively. 
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5.10 Tensor Form of Gradient Divergence ἃ Curl: 


The covariant derivative of a tensor A, with respect to x® 


is denveed by 


fip a * ae? 8 “Ὁ 043) 


a covariant ee of rank twoe 


The covariant derivative of a tensor A” with respect to x% 


᾿ is denoted by Ar, 3 
soa (Soh) 
P anal 97 2.8 (5 
A,9 = ae Τ tess ‘i 


8 δ. nixed tensor of rank two. 3 . 
lor rectangular systems ,the Christofter symbols are zero 


and the covard.e ont derivatives are the usual partial Cerivatives 


If g is a scalar or invariant,the gradient of Γ is defined by 


loeop, « OF : 
where g Ὁ is the covariant derivative of g with respect to x” 
; 5 4 : 


The divergence of A? 48 defined by 


we Oil “= 5} A ) δῷ 
Ae ro ee - 


The curl of A. is 


Ῥ ΡΟΣ 
. Be a ee ᾿ 
Ap,4 μῆς Ag, p - @ x >? i A ak : 000 (5047) 


& tensor of rank twoe 


The Iaplacian of $ is ; 
: : ek κ᾿ re 
Winder! aa a)" os 
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ere teem tee 


Problems-V-Curvilinear Coordinates 
2.4 ‘Represent the vector A = zi -2x) +yk in cylindrical coordinates. 


Then determine A ae vA, ὁ 


5,2 :The transformation from rectangular coordinates to parabolic 
cylindrical coordinates isn defined by the hotattons 
χ - το) Your , 2: 
Prove that the syatem is orthogonal.Find ἂς snd the scale factorse 


Find the Jacobian of the transformation and the volume elements. 
5,3 :Write dWA andY in parabolic cylindrical coordinates, 


5.4 :Prove that the acceleration of a moving particle.in spherical 
coordinates,is given by 
(F.r6 Lyre sin OE, «(» ετὐθονν “sie O04 8 Jez 
οὶ Ose Dear Pee +r SOEs 
where dots denote time tect vette and (eases » &3) are unit~- 
vectors in the directions of increasing (r,0, 7 ye 
>(FS, HW) 


5.5 If P =x + 308 «εὖ, G atx-yz , H = 2x = xy evaluate, 
; | OC%, 7, 2 


at (1,<1,0). 


5.6 sIf F = xy +¥Z 42x Gar ayo +z" and H =xey+z, determine whether 


there is ἃ functional relatioship connecting F,G,83, if so find it. 


ΕΣ 
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5.7 :If F(P,V,T) =O,prove that το 


2} Ot. 92 Ὁ ῳ 2) ὍΤ᾽ ὋΥ | ey. 


ay ἀνὴρ av at vav lp aps 


where 8 subscript indicates the varibale which is’ τὸ be hele 
constant.(The results are useful in thermodynamics: where P,V,2 


correspond to pressure, volume,and temperature of a physicel system) « 


5,8 <:If x= f (4,7, 0) 232 2 (4,5, ? | ψ 22 & (u,v) 


prove that | 
“lx, 9p 3) : ιν, ὦ) ae Σ 
a(urt,9) BCH Ib 2 ARS ie 
nrovided 26x52 2) * © | 
(M415 9) 


Give an eee es of the result in terms of Grenat raat 


2; ow ee so OT πο σ- 
---- ee ee es “ὦ ὧν CS πὰ OT τὸ 5 - > 
. 5 - 


‘Vi~ VECTOR FIELDS 
A ELECTROSTATIC. FIELD 

6.1 The Electrostatic Potential: 

if a unit charge is placed at some point Ὁ in the presence of given 
fixed charges,it will in general experience a force sThis force ts defined 
as the electrostatic field,or simply the electric fieceld,at PeSince 1% has 
& magnitude as well as direction the field is a vector quantity,denoted 
_by E, ! 

Let us calculate the electric field re to a single point charge 
(e) at a point (0), op =r .A unit oheres at p will experience a force 
e/re along the line OR. The field at p is therefore of magnitude e/r“and 


direction OF oIf r denotes the vector op, then Ξ 5 -τ 
: Ε κοΣ ,ν5 ae ...(6.1) 
ΘΟ 
Τοῦ us suppose that the unit test charge is moved 2 % 


from A to DB under. the influence of the fixed charge (e) 
at oeIn going a distance di from p to Q the filed exerts λὶ 
δι forve Τὸ and therefore does worl: 
E.d@s 4. αοῦ 4 « ede ° 
Ξ yr? | 2 Ὑ 7 : : 
_ where Θ is the angle between op and oQ@.The total work done by the LLoLe 
in moving the a from A to B is therefore: 


dour YW eB 
Work done against the field is) 


[ed “. » 


. & 
This devends only on the position of A and B and not on the path connecting 


@ee0 (6.2) 


them.Thus the field is conservative, 
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The quantity (e/r,~e/r,) is called the difference of potential 
between A and B and is written τι. » Thus,the difference of potential 
between two points represents the work to be done in order to move & 
unit test charge from one point to the other.We generally define the 
absolute value of the potential at a point by the condition that if A 
ae at infinity V,=0.V, then Sabeuentn the work to be cone in bringing 
unit charge from infinity to B,V,=¢/tp° In other words,the potential 
due to a charge e ,ata point of vosition vector ris eee 

V = oft oo (603) 

If our test charge has magnitude (e'),instead of unity, the law of 
force shows that the force on it is merely multiplied by et; therefore 
the work done from A to B is also multiplied by e! 

e'(Va-V,) 
Consider the difference of potential dV between P and Q 
eg a ee Gone on unit charge from P to 9 | 


= ἃ work done oy the field. 


fi i 


= Bead 
εἶν = - (Ei, εἰχ + ἕξι ely pide) 


Therefore 


or = a ae VY noe (Og) 


: Ὶ 
ἘΣ Ags = {zd J 
A 
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6.2 Field due to Several Charges: : 

If instead of one charge e we have two distinct charges,then their 
effects on any other charge are. Simply additive.Thus two point charges 
80 and 65 exert on a third carge e a force equal to the sum of the two 
forces 8.9) εξ and 0605/5 padded vectrially in the usual manner Sor 
forces.This constitutes the principle of supe προ ΡΥ states that 
for. any given system of charges,the final force and potential are the 


game as if we Simply superposed the separate forces and potentials. 


γε νι εν, teens τ - oe - 
ν ἵ oe 
Es Ey thie « ἡ eri. 000 (605) 


| XY ,is,of course,the vector from one of the given charges to the point at 
which E is required, | | aie: 

It sometimes happens that our fixed charges are not all separate 
and distinct ,but that they are distributed through & given volume or on 
_ & given surface.We speak of a volume density p »Lf the charge in volunie 
: aw ,isede sand of surface density σ᾽ ,if the charge on an element of 


urface dS ise dS.Thus 
ve) εξ a 7 J > 000 (645) 


6.3 Eoulpotentiale ond ‘Idnes of Force : 

The equipotential surface is that surface on which every point is 
ay the same potential,its equation is therefore, 

| V=tonst. 


The line of force is that line on which,at any point,the direction 


of E voincides with the tangent to the line at this point. 
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if we take two points P &Q on an eauipotential aurtace,V=V. and 
hence the work done on. unit positive charge by electric force is 
: Ξο τ 0 
Since ὃ rj 40,we have either | E] =0 or E is perpendicular to > Pe 
Therefore, the direction of E at any point is normal to the equipotential 
surface through that potnt,In other words, the iines of force cut 
equivotential surfaces at right angles,excent at points where the intensity 
vanishes(Points of equilibrium) .This property is also olear from the > 
relation | : 
ener 
Since the Girection of the lines of force is the same as the 


direction of E,the lines of force mist be defined dy . 
ἐλ od . 4: ; 
Es &3 


Ξ, 

in cartesien coordinates,and 
hy, du 2 moe. hy dw | See 
δῆς Ev BS ...(6.7) 


in orthoronal curvilinear coordinates. 
| Tt 4s clear that neither the equipotentiale nor the lines of force 
intersect ,otherwise the V and E will not be 2. single-valued function δὲ 
the curves or points of intersection,respectively. 

In the pertdoulas cease of a single charge at a point,the Jines of 
force are radit,drawm chon the point in all directions.There is one and 
only one radius through any natn aed 8.1... Ghese lines cut the 
' ¢quipotentials which are concentric spheres eround the point,at right 


engles Ξ Ν 


6,4 The Electric Dipole: 

It frequently happens that we have δὶ pair of equal and opposite 
charges xe at a distance Lapert, e is usually very large and 1 is very 
small in such a way that the product el has a finite value meSuch a 


combination is called an electric dipoles 
We define the moment of a dipole by the quantity of Γ 
magnitude m and in the aipaction from the negative to the 
positive charge. If we have a dipole m at AB, the resulting ἢ . 2 
potential at p is ἦ 
V = @-@/AP + e/BP 

= B x change in (1/r) from A to 5 f 
fer points at distances r large compared with l,we get 
vere! < Cr) | 
where ἐς denotes differentiation in the direction ABs 


Ὁ 
If r is the position vector of p,with respect to Δ,3.26. Σ =sAP, then 


ἢ Le = m. grad, (1/r) 
v= n. grad, (1/z) 
Lee. : ρος (mei) /r? - m cos0/ré | oe'e (508) 


The electric field at p is most conveniently expressed in terms 
: é Ξ 


of the radial ond transverse components E,, and, Ege 
: = ? 


Since 


Hi (6,9). 
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The equation of Jines of force is 


de. rd? . τῦῶϑόν 


Er €&eS & ἡ 
or £22 2QtO db aud ἀν. ο 
Thus 
In Y= Qlal(S.a2D) 4 hee 7 
ope re OSS GF By ate ee 00 (6410) 


3.26. the lines of force are the curves r= c sino in the meridian planes 


awact, 


The electric field at p due toa aLpole m is 


. 


EF =-S reel (25 
Ps 


“τς 9 γοοΐ (δε. 5} τί δι.) gral 5) : 


— 3 - 2 » (9 1) 2 : gael hat) 
ee = ‘eS . eo 


6.5 Flux and Gauss Theoren: 
SS 
if 5 is any surface bounded ‘by δ. closed contour C,the flux of the 


electric field E across the surface is defined by the surface integral 


Pa ae 


if the fleld is due te a point charge 9 at the origin 0,then 


e » 
Peat 


δ vs [feds ε Jax ἐὼν 


where % is the solig ange subtended by the surface at 0. 


atte 


If 5 is a closed surface,then 
ee ,if e is inside 8, ee 
N= 27 e : ,if e is on 8 000 (5012) 
Ϊ 0 ,if ὁ is outside 5— | 
If there are several point es Cn s€aeeersen within &,the total 
aie te Q= fe end | SS. : 
ἡ πο. nr δ Ἴ3Κ. 
‘This is cee as Gauss theorem. | oe 
! If we also have several point Σ opti RS on the surface 
- »then Q's Χ of ! 4s the total charge residing on the surface.The fiux is 
Na & Tf Q+ 2 7 ᾳ! : ove (6014) 
; Suppose that ‘the electric field is due to 8. continuous distribution 
: of charge of density p per unds volume within a closed surface &.Then | 


Δ &@0 is the volume wlement using Gauss theorom we have 


[ 4: free 


But by Gauss divergence theorem 


E.clss [Jew de 
ἰὼ δ 


50 (ἀν 5 - ἡ 7, γᾶτ'᾽ =O | 
Whe equation holds for any volume,and since the integrend is continuous, 
this implies that (div E - 6.) iteelt must be zero Gauss theorem my 
therefore be written in the form | = 

div B = 4a? oes (6015) 


- ~~ 4 
. 


Soe: ae 


© per uit area. tet Ey, and BE, be the electric fields at a €e 
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Since div E κ΄ div grad V = - ν᾿ ¥ 
Ἶ β <I : wleet 
Then : συν o~ 497 Poisson's Equation ...(6.16) 
In the particular case of zero charge density, * =0,it becomes 
ωἷν =O Taplace 's Equation οοὐ(δ. 17) 


6,6 Gauss Theorem for surface Distribution: 


let & be a surface on which there is a charge distribution 


point p on the two sides of σφι the element of area, > 5 
at p erect a small. cylinder whose generators are normal 
to 5 5. and 60 Small compared with the linear dimensions 
of $ S,that the flux of BE across the curved Biden of the 
cylinder can be neglected, | 
Applying Gauss thadieea we get 

(Bi -8i)9 58 « one 55 

Divide by $ S and let the element shrink te p we get 


j aN « ἔι.5 = vac 


er νέον ἀν, = GH δ’ 
> τῷ vt : 


...(6.18) 
This shows that there is a discontinuity across the surface wot 
Value ἥδ γῶν the normal soxnponent of the field E, This is. Β ὃ με 


for surface distribution, 


6.7 Dielectrics and Polarisation Vector: 

Tf the space between the two plates of a condenser is filled with 
en insulating material, such as glass: or mica, ite capacity will be 51.53.0}. ἅ 
by a certain constant K, which depends on the material but ia independent 


of the shape of the -condenser,Such substances are called Glelectrics , 


~11 60 
and K is the dielectric constant ;K=" for free BPACe » 

Tn the absence of the electric field, the molecules of the dielectric 
(which are dipoles)will point equally often in all directions However, 
when the field is applied, there will be 8. souple tending to orient them 
relative to the Pielf.If there are Ν molecules in unit volume, the total 
| moment induced by an elecfric field E is | | ao 

PaNaE per unit volume  .ε(6.19) 
Pp is the polordisetdion. vector and οἱ is the polarizability. 

Thus the effect οἵ an, electric field E upon 8 dilelectric is to 

create polarization P,with which there ie an associated moment Pde in 


each volume element 4% ,The potential arising from the induced polarization 


“ae ΐ Pe gred (γε) ἀξ' 


Poe ἀν. ὁ, δ. 9 λ.ν) 
FS κῃ i o- 
ΡΠ ΡΒ ἷ = 
Then pak Lac - ΓΞ ads Pde 
2 San τ 
eee (6020) 


iee,the resulting potential is exactly the same as we should. obtain if 


we were to suppose a volume distribution of cherge <div P, throughout the 


dielectric and e surface distribution P,, om the boundary of the G@Lolectric » 


Suppose that at any point in the medium the field is B,with 


resulting polarization Pein addition to any true charges ΤΣ and σ᾽ that 


may be present,wo must dnelude contributions to the potential from ta° 


apparent charges wdiv P and ry which take account of tho polarization « 
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Gauss 'flux theoren, therefore, takes the form 


dis £2 e7(r—dis 2) 


: τ he (84472) 2 4 
or div = = ἃ eee (6.21) 
where . D = E + “Lig P o0e(6022) 


Dis called the electric displacement vector.sIn isotropic material, 
D=Es AGP s(t447 KE τ Κα. 000( 6.23) 
: Kis the dielectric constant. 
.2 Energy of the Electrostatic Field: 
| Feat VaaiT4gyeeeedenote the distanc.s between charges e, and 62,6, 
and e;,ete,Then the mutual potential energy is clearly BYoxe s/ts : where 


the double summation includes all pairs of distinct values of i and j. 


We may write this in the form 


dejar S,..- aed ESL hag ~ Sh Pee 
mn* Mee 83 Yin & Yer Y24 Yin 


Whe first expression in brackets is just the potential at A due to all 
the other charges ,V, say With a similar meaning for Voyec<«ethe required 
mutual potential ‘ener ey i: = =e 
| Wis 1/2 0,V, + 1/2 EN acca eSiz ev 000 (6524) 
If the charges are not lecalized as point charges, but are distributed 


with volune density Pand surface density othe corresponding formila is 


Ws ἐν 8 4 spe ae ες | voot6e25) 


The first term may be transformed as follows 


ἐ fff prac singe 
af er [jie ἐδ. ἀνὰ Vyie 
fre VE, os + SS Eide 


ΚΙ 


a 
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‘The surface integral is taken over the sphere at infinity,where a 
consideration of orders of magnitude shows that it is zero for any finite 
set of charges; and over the surface of each conductor where EB, is the 
normal eumcnent of τὸ away from into each separate conductor,But since 
Paani co ,s0 that 


ἐ fever ες σ' ν εἴ Ξ ds ff Eee 


Hence the total electrostatic energy is 


: xe ὲ st 
Ws fede ἐπ Rp see'.26) 


“6,9 The The Rlectrostatic ‘Stress Tensor: 

According to.Faraday the tubes of displacement D are in state of 
Stress,it is this stress which gives rise to the energy(DE)/oi and is 
responsible for the apparent actionwat-a-distance beween charges. 

Tor the case of an isotropic homogeneous dielectric, 

grad(Z.eD) = BACVY AD) + DaCVAE) + (E. grad 1D + (D-grad)z 


Dut since D=K E,where K is a constant,curl Ὁ = Curl D = Ο, 


1/2 grad(& :D) = K(E.grad)E = (D.grad)z 


The x-cormponent of this equation is 
rs ἢ 
ἐδ (E.R Vs (I~ gree )e, = ov C4 Ὁ)- E, ols D 


: 4 ὯΝ -τ ΞΙ Ὁ). 2p τς Gd)- - ξιεἰσ Dae 


x 
But if p is the density of charge in the medium,div Ὁ = hb W/then 
pez \se(Ad, - 15.0), t+ 3. Ed, 23/67 
The left hand side of this equation an the x-component of the force 
exerted by the stress in the medium per unit volume of the charges in 
the medium.Since the system is in equilibulum,it follows that body forces 
equal. and opposite to this should — on the medium to maintain eoullib~ 


rium, The xn COMPARES: of the equation of ecmiiibrs um of the medium is thus 
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Q . a 
4 salt (6m, -Lem)+ Sct ποσὶ AG iDyrJ=0 
ἱ | δ : 
Tnerefore the stress matrix is 
sole BaD 
wth - Pe Ὁ) ro τ᾿ ΡΤ 
Ξ ΒΝ ee ΒΒ 
γι TRAE DP) V7 3 Pe 
% 
& ᾿ς ἧς GD,- +20) 
2 gr. z= 
TEND; | ἘΠῚ Po me 
inserting DeK E,this may be rewritten,after putting K'sK/4+ 
1 ἢ ' Sai & 

Κ CE -Le*) Ke, &, — κ'ξ, By 
lees, Ghz) es, τον τόση 
| we? | 
) K's, %: eg, Si ws -1 55 


iThts is Maxwell's stress βγχαῦθοιν 
“Tf the xmeicls is chosen parallet to a ‘ine of force at any point, 


ByaEy=0 and E,=i, thus 


© 
| ae / 0 : 
Pi 4 
! 
ὃ wae ΚΕ © 
| ο β ο: ane | See 
which shows that the principal stresses ares 
si Ἕ “τ κε 7) fo, 5 = ee 7] ae = ΚΕ 


Another way of obtaining the electrostatic ταν tensor is as follows. 


The force per unit volume is Fe [Rp OF in tensor notation. 


; 


| "sof 
But ψῇ Ἂ Ξε κεἰ 5 = ne 
so that  wWREH 5 KE; 9 2 DEES ES 2 ξ) 
Ὁ Ὁ Χὸ BH 
But since Wn € 3: S ‘ = a vee os | 3 
q * Ont .. ee ¢ 
Ξ Bene DAP Ly) crow (0.28) 
ῬῊΞ vi Fe os Ko ee: “ας εἶς.) ον ἘΞ ΠΤΛΤΩΣ \ 


Lsesthe nechanica. force may be ἈΣερδνις δὰ 8.8 aevinek from stress tensor Dy 38 


I 2Q— 
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“ὦ ee κ΄ ἐν _ 4 


6.10? Magnetic Moment _ and Magnetic Field: ©”. ee | 


The moment of a magnet igs a rector wlose direction is along the axis 
from the south to north pole and magnitude ts iced Eanes to the length 
1 times the pole strength at. ξχους τ salt ae SSS i 

é 2 a δι. 2 pap 2 : ἐς. (6,29) 
ἃ is δ unit vector parallel to we axis: τς magnet. | 7 
Suppose we have a short ee of ° rength a2 ΞΕ an & magnetic 
| field of potential Δ. » then ‘the potential energy of the magnet is: 
“ΒΩ « πῶ, + @la.92 ) τα νος | : 
i where is the potential at the negative pole and 4d its that at the 
positive pole ; dO. dl a. TA 2 ΣῈ . ingtt 
The potential onerey ων Me ΒΞ nae ae | ...(6.30) 
| where Ἢ is the intensity of the field, So | | | = 
Hse -vQ prone oae(60351) 
_ in the neighboushood of a sal WAGROV 9. τς | 
For a small angular displacement Θ, the couple 


exerted by a small magnet is Gs ME eind,or 5 
stay x 
G=M az voles (6032). 


The magnetic t1e14 of force,at ‘Points ‘unocéupted by magnets,is a 
conservative field and Lt follows that it te derivable from a potential 
—? sThus,if C ts a closed curve, the work done ἊΣ & unit Nemagnotic pole 
‘by the magnetic field carried once eos σ' Wealshes eo that 


4. i. a 2 © ἡ ᾿ ΑΝ ἊΣ 


The potential at: 8. field point p may then be defined as" the worl 
done by the rere force “when & unit W=pole is carried fru Ὁ to some 


setaendard point reckoned as of Zere potential” A ‘Be oo grad. Ὁ 


Since there are no free magnetic poles,the outward flux of the 
magnetic field across a closed surface ,not passing through magnetic 
matter vanishes,i.e. if 6S is an element of the closed surface 5 


orientec along the outward drawn normal,then 


- 


SS x. as - |i] aww zac 20) " 
Ss ‘ 


where dt is on element of volume,Since this is true for all such 


surfaces,it follows that at a point unoccupied by magnetic matter, 
div H = 0 006033) 


or YD. =0.That is ,the magnetic potential satisfies Iaplace's equation 


whereas the electric potential satisfies Poisson's ecuation(6.16). 


6.11 Marmetic, Field of a Dipole: | 
If a long bar magnet is cut in half,each half is found to be a 
magnet. Further subdivision of each half always results in the 
formation of new magnets so that an element of a magnet is itself ἃ 
‘magnet. A magnetic dipole ig defined as the limiting case when τ Ὁ = 
and pr] —»O, in such a way that mj rj] —» M; [x] is the magnitude of 
Fthe vector drawn ἔχοι the south to the north pole ‘of the small nagnet. 
The magnetic potential of a dipole of moment M,eituated as a point 
ναῦν a field point p Ls given by Ξ 
a a fie Grade Ct} 
where x» ie the distance γῆ σα Qp, then since 
gokea (γα x 9,3 


this may be written 


be 4 


Qs (4.0) fe = 


7 
= 


122 = 


Tet © be the angle which Qp makes with the direction of M,then 
Os H Co f r* 
The corresponding magnetic field H== gradQ. ,is of components: 


&leng the radius vector, Ἐς - 22 2 ΞΘ. 9 ουοζδιε 35) 


perpencicular to t ~22 στ O 
ο he radius, vector , Hos Ἐπ" < 00066436) 
Tf a unit Nepole undergoes a small displacement pp's ὃ Ὃς 


the work done by the magnetic force is 


H#.Syr c= gracl O.8r2-$OH 


. Thus ἐμ δὲ = -S(Mird/r? 7 : 
— “ 


soft Sxr/r24 3(M.5) Sr 
r4 


H, 8x εἷς WP ostgr er 5 105 χ 


Since the displacement pp! is arbitrary,we must have 


es Ai aa vee (6037) 
Aiternately: 
He~gred,.Q = - 9rd p( Me geal) 

σ᾿ φερνε (M+ grad p +) 

5 = (ΔΜ, yrodp) (x /r?) 

(fe 2) predp CYrd) = τα (Horde) Σ 
Ho 2 3¢ger) 2 lrt- Μ1ε8 


since Ii ls a constant vector, 
Let Wy, and Mo be the magnetic moments of two dipoles (1&2) and H, 


be the magnetic field due to the second dipole at the point occupied 


by the first,we then have 


Hy wo Me fr? 43 (Marder 
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where r is the position vector of the dipole 1 with respect to dipole 2, 


and thus the mutuel potential energy 


Ws = (MoH )e (ye Medi (MiP eterdle® ... (6.58) 
let Θ, and Q5 be the angles made by r with the directions of M, and 
M, respectively,let © be the angle made by Μη with ee | 9, 
We (Π| οἷς /r?) (Gs δ. 5 ὦ δ, Qe 8, ) A 
= (ΠΝ [t?) ( Sie 8, 5in8, ~ 200 8, Ge 8.) 


in case of coplanar mgnets. : | | ) —" 
The couple exerted by Me on Μη Le | | | 
Ge fin He | 
-τίδιλ Cede 3 Char) (δι. edre 
= OM, tt, fr?) (2 Sin 8, Cro 8, Stn Oy Ce 8) ) o o's (6039) 

The force exerted by i, on M, tends to uove the latter without 
rotation .Suppose Ma undergoes 8. éisplacenent gr in which the divole axis 
remains parallel to itself, then the mutual. potential energy W changes 
to Ww + grad We Sxr,to the first order τ Fo, is the required force,the 
inerease of energy is Ὁ 244 ‘Sr. 

Thus Fay Sr 5 7 (We grow Sr) 
Since ὅν is arbitrary: fi a greel W 
Since 

peed] (re) )εδῆς «(αν the) Σ γῇ 

& grad} (fied) (Hee) [ν5 | 5-5 (Mord (far) χ)νῖ + [Οὐ ϑιοί(δ5..) potest) θεν ἢ 


Then Ὡς Fo, = (a4 BM YE) 
where Ss 8 Th. ffs) » ὦ (Δ, wr) ([ς.Υ} ,νγ}} : v0.0 (6040) 


As 3C fer) 9 ὙΞ (Mer) 
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6.12 Intensity of Magnetization: 


In the molecular theory of magnetism we must suppose that a physically 
sma11 volume element $C at & point Q of a magnetized body is a small 
magnet of dipole Itc “The vector i,which is the magnetic moment yer 
unit volume,is termed the intensity of magnetization at Q.If I is a 
constant the body is said to be Gai tomnly magnetized .The vector Τ ia, 
mathematically, analogous to the polarization vector P in the ba of 


dLelectrics, 
If Pis a point outside a magnetized boty the magnetic votential 


is given by 


” fe = 


2 ff z. ondthue +o (6041) 
In case of a uniformly magnetized body, 


Q 2 F ff mlouade ἐπα [ftp Made 


= me (~9 reel Vv) 
where ; vs ff ét/r 


| is the potential due to a utters Mieisibetine of charge,say,of unit 
Gensity distributed over the volume .Also = ea 
: R = “grad V° : 
is the intensity due to this distribution at Pp,we have 
Q =k : 
in the case when the intensity of magnetization is not constant, 
we have Q « J? 1. rele (Y)ol τ᾽ 
.} dig (heddt - J didi Edt 


71τ..- -} οτος oes (6.22) 


where. S is the ΕΞ Ξ οἵ the magnetined bodys 
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᾿ς . Equation (6.42) expresses the fact that the magnetic field at any 
point outside the magnetized body is the same as that due to an imaginary 
volume distribution of magnetic poles of intensity ~div I throughout the 
volune and a surface distribution of magnetic poles of density I.n,where 
nis a unit vector along the outward normal to the surface of the body 
S,This is know as Poisson's ΚΝ distribution. 

in the case of a uniformly magnetized body, this distribution reduces 
toa surface distribution of magnetic poles, since div I =OcAlso 42 9is 
the angle which the outward drawn normal to the surface makes with the 
Girection of magnetization,the surface distribution of poles has a density 
Lf cos 9. 
6413 Hagnetic Potential & Force inside a Magnetized Body: 
wae Let A a & point inside the magnetized body whose outer surface is 
| S,say,let C be a cavity surrounding A and let ¥, be ite volume,let also 
| fede ve ho: potnertiall at A due to the rest of the magnetized body.AsZ—» 0, 
Deg me D2 (a unioue ΡΝ ΤΡ Ύ τν γ 8. of the shave of the cavity. 
The magne tie field H at A is 
᾿ ες οὐ ὦ 
fete be the surface of the cavity ὁ and zo the component of the intensity 
of nagnetization i along the outward normal to & end δ Then, if Ze is 
the magnetization at 8. point Q of the body and reAQ, 
O, = |} [1g+ onde (mde 

Where the volume integral extends over the whole of the magnetized body 


except the cavity Oe 


: “26. ᾿ 
Since εἰν (Ale) « -- εἰ J + ZL. greel CY) 


Then Ως: ior mee née δ Tad + ff 3, de 


AS τ 0,2, - Ὁ end the third integral can be ignored, then 


OQ = fete Lac + fe 3ads = ὶ 


‘ 


Tf 8, is any closed surface drawn entirely within 8S, . 


J ses = τα ffi idz 
τ 


where the volume integral extends throughout the — enclosed by S40 


Using Gauss theorem,we get 


ἴτε. oT L).dS, τ ο 
ΑΥ̓͂ 


——- me we ae om 


B . 4“ ΒΥ a 000 (6543) 


: Then pow a fe 


Since this volume integral holda for all regions of space enclosed 
by surface 5, the integrand vanishes identically.Hence 
div B= 0 : 006 (654+) 
It thus follows that the lines of magnetic induction are closed curves. 
The intensity of magnetization I at any point of a magnetized body 
is aeaigl proportional to the local intensity of the magnetic field Hy 
tee, Σ =k H,Since B= ἢ Ὁ 4G Tal144 τ )H, then ‘we write 
B=pz 00066545) 


“ “ΠῚ k is called the permeability of the material, 


~127 0 


(6,14 Electromagnetic Potenticls: | 
A vector fiold V is called irrotational(or conservative or lamellar) 


~—- π᾿, 


> i curl ¥=0;4 +n this case Vag rad W where Whow its peperiied.* 28 called 


St ee ee 


the Scalar πρό δῇ al, 
fie cee eee ὦ 
If div ‘V=0, the vector field is called eolenoidal, in this case 


— tee “oa 


Vecurl A, where Ais a vector function calied the vector potential. 


In terms of δ scalar potential g and a vector potential A,the 


electric field E and magnetic:field B can be expressed by the relations: 


en ~ 2 62 V 
es eo ere wea (6o46) 


On the other hand,Maxwell's equations for free ee one Θ are; 


WA Bice Sane τόνον δὶ, τ 000 (6047) 
= σὴς ἃ OF ρφηὼ 9 WE = 973 j , 
ὦ ceed: 48) 


In order to satisfy (6, hp). it is sufficient to put F =Vade 


‘Substitute for τ and E (as in eqe6, Ὁ) in (6. 48) ,eives: 


o%n = 9 (ν 


τα Vis a) - v'A 


bi te ae pe sala de Bet Vidi Ar L QP) a br y/o 
Tet Ais acer ΤΣ ἘΠΕ: Lorentz Condition tel 49) 
= ς 2 


then we obtain 


vA = ma! 3. a φῇ ᾧ fe ἐφαζθυθο 


But . 
; dirk = olie ζ.- - τὸ ve ) a ne 


a 
cet 
: J δ 
Then | yp 7 «οὶ ἘΞ z= “ap eee (6051) 
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Ms :  C,EXDRODYNAMICS 
| 6615 Differentiation following the Motion: 


Let us denote any general property of 8 particle of the fluid,such 


as its pressure,density,etc.,by the function E(x,y,z,t) Then by Ὁ} Ὁ 


9 
is meant the variation of H at a particular point in space as a func 


- eee. + = 
’ 


Fa 


tion 
of the time t.If we take the total differential of H(x,y,z,t),we obtain 
els 2H ἐλ + 2H dy + 2b de Be | 
(4 Ὁ QH fy . DH 
| 2H ἐπ, 86. ty + Ou be Be | 
whe quantity dH/dt is the ἰναρδι πόνο of H when we fix our attention on 
the sane narticle of fluid. 


The velocity of the particle is given by 
x. ay 

Ved +i οἱ +2 

| ὮΣ definition we have 


1 Qn 24. 
Vist ae YE rk τ @ 
Nenece : | 
dl fad y ad é 
| X. ΜΗ 2 OH Bodies Bi ἢ roe τι οὐς(6.52) 
? 
ὲ ou | Of 

| ἧΣ re i” weVd + δὲ 
6.16 The The Continuity Equations = 


Let τ be the volume inside ἘΠ arbitrary closed surface S located in this 
Then 


Consider a region of space containing a fluid of danesty A (x,%48, δ), 
region. Τϑὲ ace) be the mess of. fluid, ἀπδόδο. the vous wT at any ype 
@ Ct) Ψ, Je 


te) 
Lf v denotes the velocity of a typical particle of the fluid,the rate 


at which the ΝΣ of fluid inside Ἐ is increasing is 
ἘΠῚ τ 7d: εἰ 


result 


(ἐ 
Now,if we Maye vi) with respect to time and equate the 
to (i2),we have 


Γ- Woh dee Ϊ (ον). εἰ 


Αἰ 
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‘Dut, by Gouss's theorem,we have 


ff (PY). εἰς 2 " Vv Fyydt 


5 
Substituting this into (iii) we obtain 


Yl τ. (4 09)] {τ - ὁ 
Now since the integrand is: continuous and the volume T is arbitrary, 
we. conclude that | ve © 
ore VPs +00 (6453) 
This is the basic equation of hydrodynamics and is Imow as the emat son 


of continuity. 


Since ν (ΡΥ) = P VV+ ν, Viper: (Ex. 3212) 
Then : sient 
Sf 4 pV | 006 (6 65%) 


using the definition of the total derivative(6.52). 

tf the fluid is incompressible, then fisa constant end we have 

VV = o 

if the flow is irrotational,then we haveya y=0,and we lmow from seC e304 . 
| (Ex.3.17)that there exists a scalar function g such that y= VSeTherefore , 
| for incompressible fludd,the velocity potential g satisizies — 
| τ = © laplace 's Equation ο...(6.55) 
| On a fixed boundary of the fluid,the velocity has no normal component, 
: and 450. 29 ἢ denotes differentiation with respect to the normal direction. 


| of the boundary,we must have @22/m ἃ =O,as a consequence of ¥ = Y fo 


6.17 Nuler's Equation of Motion: ae 
LLL LE LET LE CTEM a ha Aint 
To obtain the equation of motion of a frictionless fluid,we consider 


the forces acting on an element of fluid whose volume is dxdydz and whose 
Θ Ὰ 


7 ~130~ sat 
mass is dxdydz.Ae a consequence of the pressure of the fluid,p, there 
will be a force in the x direction on the elenent of fluid under 
ς onsideration OL magnitude 

Pdydz - (P+ 2e dxjeyele δίῳ ΞῈ «ἱκοἰς dz 

Tet us also consider the action of an external force F acting on 
unit nass of fluid,The external force acting on the elenent under 
consideration in the x diredtion ts Py p dudydz «The acceleration of the 
| elenent in the x direction is ὄν, /At ence by Newton's second law of 
motion,we have» 

Fi pdx dy den aoe LS οὐχ οί dz a σι poledade | 

Dy this reasoning,and Fauatepeaa the y and zg directions, we obtain Euler 's 


equations of notion: 


εἰσ, a. 2, Ἢ a Sa δος oP 


: ἘΡ 
at ie, eee 7 53 6 πὸ" Ἀτ͵7 3 


These three scalar δι υ δὸς may be combined into the single vector ede 


00e(6.56) 


al F. 
i Oe aE 


iS δι consequence of Eq, (6.52) we have 
2 δ ὡς γὴν 
Now by the vector identity(vidi-esec.3.5),we have 
(LoVe Levtacauae 
Nence,by the use of the two equations above ,we may write Euler's equation 
of motion in the a forms 


aT ἜΣΑΝ τυ" “(ον oF > gig 
If the external force is conservative,it has a potential K and we 
have Fea VX ater DOVER Ph the motion of the fluid is irrotational,Pay=0 | 
and vy = ve %.In this case πα. (6,57) becomes Rice i Sith Rats hte 


y ® 00 (6458) 
ox Vwe=O,where ws 22 + x kr ῖ 
. οἱ % 


Now if dr denotes an arbitrary path in the Ziuid at any instant ,we 
have | 

συ, ἄγε ede τ BS Bs Ξ (8 « οἷο. Ὁ 
δ5 & consequence of Bae (6658) Hence 
) WeB(t) + : 
‘where B(t) is an arbitrary functd, on of time,since we have integrated 
"δοὺς an arbitrary path in the fluid at any instant .That is,we have 
we 22, wt rice fe - ALE) “..(6,59) 
Equation (6,59) is known as Bernoulli ts equation. | 

In the Special case where 6 is constant and the motion is eteady 

that ὃ a/ + =0, this equation takes the form = 

x ἐκ. ee /3 +60 (6660) 
ie “ 

where Bois now a Constant This equation states that,per unit mass of find 
the sum of the Kinetic energy, the potential energy K,ané the Pressure 
enerpry P/ f has a constant value 8 for all points of the fluid. 

Usually in aerodynamics the variations in K are so small that they 
can be neglected go that we can write 

ΞΞ + Ps PR 

where 5. is the pressure when the fluid is at rest.It can be seen from 
this that etn this case, the pressure diminishes as the velocity increases 
in the form Pei ~ ὍΝ Airplanes are equipped with instruments for 


hensuring p and P, So that the velocity of the machine relative to the 


Δ enn be determined by the equation ws vecR- PIP 


~1 320 
D.DYNAMICS OF A PARTITE 
6.18 Gravitational Potentials 
Consider two particles at Q and P of masees m, and m respectively. 
(Then,according to the Newtonian law of gravitation, there is a force of 


attraction between them given in magnitude by the equation 

a NB i “2 | “ t — 
where k is a constant depening ‘upon the units and ra is the édistence 
| between the particles. 
: If we choose the unit of mass as that of a particle vhioh, placed , 
ata unit distance from one of equel mass,aattracts it with unit force, 
 Ea.{Z) becomes Pen, πο δος ΤῈ we denote the vector QP by r,we may express 


the force per unit mass at P due to the A aaa — at 8 by 


Faam<t/r* = T(alr) 

Fis called the antensity of force or the pracbtuatiness fLeid of 
force at the point P,and we note that it may be expressed ag «ae gradient 
of the scalar n/t It follows therefore that F satisfies the equation 

ΛΈ 2 Va VCird= ἢ 

and is therefore a conservative field of force. 

let us suppose that the particle m is statioviry at Q and that 
anottier of unit masz moves under the attractior of the former from 
infinity up to P along any psth.The work ἃο 9 by the force of attraction 
during an infinitesimal displacement dr of the unit mass is Καὶ edz The 
total worl done by the force while the walt garticle moves from intinivy 
up to Pis » Ρ᾽ i 
ΤῈ ἐς a ΠΣ = + & 


of 
ου oe 


This is independent of the path by which the particle comes to » 


anc is called the potential at P due to the particle of mass at Qo. -- 


: aa : | 
Jet us denote it by V.We then have Vem/P » While the intensity of force 
at P due to it is | 3 Ὃ 
Fe V(4)=Vv : ve (6462) 
tHat is,the intensity at any point is eat to the gradient of the 
potential, | Ξ : te 
rf we now suppose that there are n particles of masses Ty gine eae gM, 
relative to which » has position vectobs rq,eee,T,srespectively,then the 
force of attraction per unit mass at P due to the system is the vector 
sum of the intensities due to each pthat is, : ἐς ἘΝ 
Fev Sh) + VCS) + = 0 (8) σὲ τς 
Now,by ‘the same scene as before,the work done by the attracting 


forces on 8. ρόαι κα of unit mass while 2.“ moves from infinity up to Ῥ ts 


<I om 
dr Ξ pea: SEE. 
Jr πὰ 


Therefore the potential at P aue to ἃ system of ὌΠ ΦΟΒΝ is the 
sun of the potentials due to each,The potential V is & scalar function 
of position and, except at the points Q,where the masses are situated ,it 


satisfiiies = 
We vy πεν 3 yt eg en (6g63) 
which is Ianl eae (2: sae eat Fe VV,this means thet at points 
excluding matter we mist have : : 
Ga τὸ | vo (646!) 
for a continuous distribution of matter,the potential at p due to 

the entire body is given by | Ὁ τ ei 2 

Vp © { per | | νος (6065) 

P f'n 3 ee 
where r is tho distance from the element of volume ay tq: the φοβοῦ De 
I? the point » is inside the body κὴβ ρον δ Ὁ by a closed spherical 


surface s 51end consider the potential due to the matter in the space 
between sand s.Then Vp = Aa Sie ede e0c€6066) 


= 1 Ble 


eres 6 eee .. ~~ ) we 


6,19 Gauss's Law of Gravitation: 

Ve have seen that the potential function satisfies ee Iaplace "8 
equation,in the region outside matter. Let UB now consider the equation. 
satisfied by the potential in a’ region oe matter.As mentioned ΣῈ the 

previous section, we surround the point > wy a sphere 8 οἷο, radius a,8ay) © 
| The gravitational field at the point p is the vector Sum. of the fLeld 
σ Protnesd by the matter outside δ. and Fy; produced by the matter inside — 
o*that is, ἡ Fe = fo + Fe ε 
ἘΠῚ | V. Fp 3 V. Fo + V. Fe i: : 
But since F, is eight by matter, cutstae. 8 awe have from’ eis, 63: τὴ 


V-F, 2 © | 
Consider the sphere of wadius &,as a -- ο, the intensity at the 


| surface of this sphere is es ει 2 Lape. 
in maonitude “and in the direction of? the inward érawn peas] to Fag 


: egy Gauss theor-m we have 


δ [{Ὁ πλάς-: = (ve F) Sa’ 


— : [58 εἶ 2 ats (τ η,ε. ῳῆο} 
ἰ ᾿ = 
Dut Fos YV. wihence: the equation satisfied by the ἜΣ 


| region δου έτος matter is | 
νι. TP aDF Polsson ta Βαΐ weg. 6) 


In view .f (6, 66), we see that we may take 


V we Ihe edt | | seitSc655 


aS a solution of Poisson 's equation. 


Apply Gauss theorem to Ἐα, (6. 68) swe then have : a ‘ 


Je a F)de --07 | poe ΟΕ δ) * 
ἘΠ JS |i az fe the total 8.58 caclosed 2 the surface Be 


; “1235 3 
Therefore,the surface integral of the gravitational force F over 
a closed surface S draw in the field is equal to Ae times ‘the total 
‘MESS enclosed by the surlacegwhich is Gauge ie Taw of Gravitation’ 
this theorem has many is cash ΟΝ in the potential theory and in 


the théory of electrostatics, 


— om ewe +e ὧν «26 . Fe “-ἴ. --. 


δ, 20 Anplication of Tensor Analysis to the Dynantos, of a Particle: 


Consider a particle of. mass M that ie moving Bs space.let the 
position of this particle be, given by a system of a eee 
x” As the time % varies,the particle will doncribe a certain curve in 
space, called the tra jectory of the particle the equation of thie curve 
uay be written in the form - ‘np Sever y 

| a (+) besos: : ore hts | 

: If we transform to another coordinate ΞΕ οἷ in accordance with 
the trensformation ¥ = Sx! Ps then the trajectory of the a 
ray be obtained in terms oF Ue 

Consider the quantity v= Ax * fat ta the n ew coordinates es 9 vhe 


corresponding quantities are 


5 =i 
mr el oo er: 
Wades ae - ἘΞ ce en: 
which are ἕως components of a contravariant vector In dynamics, this 


48 the velocity vector and its intrinsic derivative with respect to time, 
av S SREPINSLS CeLrivarive 


με ϑίὰ Os ξύν α ἐξ ῖ "1: Ὲ 


Ν 


δ “or tds dnt 
κε tesla at | 

i : : tena) 

where 3? ay are the Christoffel symhols of, , bho coordinate system x If 
the coorcinates are rectangular cartesian, the Christoffel — are 


identicel to zerolsecs5.9) and the vector a” becomes a’ = aaa 


.ἽἼ 26ω 


These are the SORPOUea Te of acceleration arate the 1 Coordinate el 
If the mass of the particle Μ romina ‘constant, it is 8. quanti ty 
independent of the TOODEATS systen and ‘etie. time and is, therefore 22 
inv var ant .Newton's second law of motion may be expressed in the form 
τ΄. Mat | 
where the contravariant vector F* is the force vector.In curvilinear 


coordinates this vector oe written in the form 


Fie OF orf © Vee πε 
tet Lain Se ae 86.03) 


If the axes ἘΠ are rectangular cartesian, 8. force whose components 
| in these coordinates are f* and whose point of application 18 noved 
through a small displacement $%° does an amount of work given by 
Svs Fi sa! rE'SHY PRR | 
In orthogonal cartesian coordinates the associated vector ἘΣ has exactly 
the same components as F,and the expression for DW becomes 
Sws SF wae 
From the relation connecting ἘΞ’ and χ it can be seen that $-Wocan elso — 
be written in the form ξ 
Sw el Sx" ; 7 oo (6.7.0 

Since SW its an invarlant,it can be concluded that the με are the 
components of a covartant vector,Since the components of ΕΝ in an 
orthogonal cartesian coordinate system are those of the force vector, it 
follows that ts. is the coverdeurt force vector in 19 coordinates δ 
The covariant and contravariant comonents of ‘this vector are related 


to each other by the f ollowing ames 
. ¢ . be . a ὦ 


> Ing Ee ν ΡΥ 39” Fs gee coe 6075) 


. ay δ δι" ὦ 
Se Mag rato 
i aw, ey 
᾿ , i 9 ars, 


If the expression F pax is a perfect differential, then tie force 


— SO et ey ee oe τ ee 


is said to be conservative and a function V may be defined: Ἐν @quaion 

- ἘΠῚ Ὁ : 
Van [ἢ ἀκ" na Gere) ps 
Tae Sunction V is called the force potential.From (6.76) it: follows nat 

εἶν δ za > ace Σ 
The xinetic energy T of a particle ἐξ defined as Mv ay ere 
the magnitude of the velocity.Therefore ——. ge 
“T # + οἷ: $G,,, oy za > Vora and «* οὐκοσε: Ἢ : : 


where En, 18. the dick tensor of the curvilinear coordinates: “ων | 
um ee eens Roi: 


amsene oe we we - re ee ὦὦ...». = 


— 8 Equation: : : 


ἘΣ 


δεν" Som % ἘΞ ἧ ἘΠ Ἐπ 
Therefore 5 oe 
Chie a “tis Δα» τ τς 
2 cacy ng (Som ἢ es er ee) | ὴ . ae 
Also,if Tis differentiated canhcintes: with respect re x the ‘result is 
OT. a ΤΩ co x" ΤῊΝ | (diy 7 
i ἐ ox 


Irom δ and (11) 2ὲ can be deduced that 


(950) = 139.3 ¥ + Ἵ (ΞΞ Ame Bm Son 38 z a“). na bares re “) 
Dx sat - 


ary ae LS Mg, (ΝΣ 5 a x4) “ke.78). 


ῷ αὐ 
τς & consequence of (6.72) it can be seen that the righthand member 
of (6.78) is equal to Mg... ® *=Ma,., »Therefore (6.73) may be written ἫΝ ‘the 
Air: 
form ἔ τῇ = : ἘΠῚ A 


£02}: 2 ΕΣ "δα, Fp — "5 Boe (6,79... 


If the force system is conservative 4 Agrange 'g equations aise: the form 


τ Cae ais Te ak ἐπε 80) 


~138~ 
‘Problens-VI-EIZOTROSTATICS 8, MAGNETOSTATICS 
6.7 : If a spherical conductor, of radius Ἢ “with no other conduotors 
in the neighbourhood, is coated with a uniform thiciness: ἃ. ot 8, 
shell of which Kis the specilic inductive capacity .2how that 
- the capacity of the conductor is increased in whe ratio. | 
K(atd) : ἘΞ + ἃ 


6.2 : Ois a fixed point in an uncharged dielectric and the ‘spesdtic 
inductive capacity K ig. the same at all ‘points of a line through 
O but has daktanent values for different tines (K is independent 
of r,the distance of any point from 0) “Show that the potential 
g cA + Bir, - 


where A and B are constants,provides a solution of the equation. 


6, 3°, 0, ΣΕ neat che space between two concentric spheres be £21308 with, 
solid Ahlelectric,of specific inductive capacity K,the dividing 
surface between the solid and air being a plane through vie centres 
of the spheres,show that the capacity of the condenser» wild be the 
sane as if the whole alelectric were of uniform epecttie Hiductive 


i 


capacity (14K) /2. 


6.4 : The space bation two concentric epherical shelis of redid a& Ὁ 
( as Ὁ) is filled in one side of a dLametrad plane with @ dlelectric 
> and on the other side with a Shedeotri¢ Kp The inner sphere is 
given a charge Q and the outer is earthed ,find the force which 


acts on the inner. sphere and the force which acts on the ALametral 


plane, separating the Gielectricse 


6.6 


“129- 


:Iwo small magnets lie in the same plane and nals FREESE 0, and 38 


with the line joining their centres.Suow that the line of aetion 


of the resultant force between them divides the Jines of eoutres 


pan ee ἢ 


x 


Sn the ratio : | : = : er beg 
tan ni he 2 tan Q,)2¢ tan θη -κ tan 85) | “τῆς 
sTwo magnetic molecules lie in one Ῥάθαιθι their Axes naling. ang gles 
®, and 6, with the line joining ere molecules ,show that the eouple 
on the second molecule due to the action of the first vanishes if 


tan Θ᾽) + 2 tan 6, = 0 


649 2Two dipoles each of moment M are placed at the points(0,0,0) and 


'(0,0,a) are free to move in an external magnetic field of intensity | 


(0,0,-H) .Prove that the notential of the dipoles,in the configuration 


in which the direction cosines of thoir anes are (1ym yn) ,(l"yn' n'y, 
is , , 7 Ξ ; ee 
πίε") # 2 Mw (121! 4+mmt~2nn 1) fo 


6.8 sA mapnetic field of intensity H and direction BA,is applied te two 


BALL τι tn. sect: tn >0O situated at points A&B and resting an 
oes seen oe ae axes along AD.Tho magnets are deflected, in 
δι plane,through small angles οὐ & ἢ on the same side of AD sshev 
that the potential energy is approximately | ΕΗ 

& (aM, MH, /2) + ὃ CaP, Mali, /2) + ὁ “2 A BE, Mp sa=hE 
Hence prove that the deflected position is stable if 


oF eh att) <2 aM Myate) 1,61 


a amalll 
=140.. 

€.9 Tue 51.2.1. meengts of equal moments are fixed with their axes 
parallel to the axis of z and in the same direction and with 
their centres at the points (40 , 0,08 Show that if another small 
magnet 18 free to turn about its qpatre, wien ie fixed at the 
point (0,y,z),ite axis will rest in the plene x=0 and will male 
with the g axis an angle | 

‘ By2/ (20? me” ay” ) 


S.10:Given Vs (x*ayz)4 ~2y2 J+ (2*-22x)}e, find the vector potevcial 


4 such that Υ =WpAe 


6.11:If the magnetic scaler potential 7m δ. region is 
2. =(C/2) log (x 29%), 
find the ΈΘΕΡΘΕ vector potential ,assumins the Zz=-component is 


Cverywhere zero, | 
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